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Summary

Nordstrom's scalar theory of gravitation is discussed from
a modern polnt of view, and compared with some aspects of general
relativity, We discuss the equaticna of motion for test masses, the
fleld equations in the presence of matter, the extent to which the
principle of equivalence, Mach's principle, and the expansion of
the universe are contained in this model. The theory implies what
amounte to & Riemannian metric, The guestion 18 considered whether

this model leaves any room for antigravity.
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1. Introduction

This article will be devoted to a scalar model of gravitation,
The theory to be discussed is due to gordatrémqanﬁ dates back to
1913« It will not be presented as a superior alternative to general
relativity, There are, however, many good reasons, other than
historical, for exhuming it, It is definitely the simplest model
which may be sald to sdapt Nowton's law of gravitation to the requirements
of speclial relativity. As a consequense it provides, from the conceptual
‘and pedagogieal points of view, & natural stepping stone toward the
study of general relativity itself.

This view is reinforced by some remarkable features of this model,
some of which, tc the besat of cur inowledge, are brought up'&avo for
the first time.

a) 1If, following its presoriptions, one introduces a Newtonian
gravitational fleld in Minkowski's flat L-space, one finds
that measuring instruments (i.e, clocks and rods) do not obey
the Buclidean rulest Rlemamnian space, whieh is pushed out
the deor, comes bask through the window, |

b) The principle of equivalence holde in its full meaning, il.e.
not only in the senss of Galileo, but aleo in the sense of
Pound and Rcbka-%

¢} It embodies Mach's prineiple to a remarkable degree: the
ratio of gravitational to inertial mass depends on distant

surrounding masses,
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d) It "predicts® Hubble's red shift.
With the advent of general relativity, %ordstrgm’s theory was
soon abandoned, even by its originator, for reasons which were largely

)

agsthetic, or, as put more accurately by Einstein,’ because the invariance
group of general relativity is so much larger. PFurther successes

of general relativity contributed, asometimes for the wrong reasons,
to push Hordatrom's theory into the shadow. For example, the latter
theory implies a perihelion precession which is only one sixth as
large as in the former and retrograde at that. Also, it iaplies no
net gravitational deflection of light; Observational evidence
regarding those two small effects is well known to favor general
relativity. Owing to the latter's prestige, however, there has been
8 somewhat unhealthy lack of searching for alternative causes,

The evidence for another radical theory, quantum mechanies, had to

be cunaiderably‘strongor. to say the least, before competing theories
were definitively lald to rest, As far as the gravitationsl red
shift ie concerned, it is now widely admitted to provide no erucial
test for general relativity. This is explicitly illustrated by
feature b) above, That feature, as well as e¢) and d4), appears to

have been unrecognized so far, another cause for neglect.

An ofteneheard objection against a scalar gravitational field
is the fact that 1t can only be coupled to the trace 7;:“ of the
stress~energy tensor, whereas observation unambiguously points to
~T—Oo « This objesction was shown by von Lau;@te be fellacious,

]
as Einstein 'himself recognized. A final argument against scalar theorie

nuat be mentioned: 1in such theorieas, il electromagnetic radiation is
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enclosed in a box, its coupling with the gravitational field ocours

at the walle only. Hence if a reflsecting tube with square srosse
section containe two welghtless reflecting pictehs whisch enelose &
cuble cavity with r#diétibn between them, and if those pistons are
rigidly connected to each other but sen s)ide 1n the tube {see Fig. 1),
then the weight of the enclosed radiation, as measured by the work
done in sliding the pistons, will only be a third of what it would be

in a rigld cubs of the same alze.

Flgu 1l

=

)

This seems absurd., This argument, addused by Einstein, cannot bs
conaldered convineing until supported by & careful analysis of edge
effects at the points of contact between wall and moving pistom, This
must be done owing to the extremely singular nature of the

gravitational goupling in this case.

2. Equations of Hotion for a Teat Mass

Newton's second law

5?& = 7& ( ( & =1,2,3), | (2)
where ‘{( is the gravitational potential, i1s the nonrelativiastie
limit of )'('/«aQP(( _)ép)evgy((

() Vo= 041,2,33 eml). (2)

This equation is Lorentsz covariant if (( is a scalar and 1f the dot
NN

denotes differentiation with respect to the proper time dv = er\ d"r\ .



-lj-

In ege (2) the additional term, which becomes negligible at low speeds,
is required in order that the motion be not overdetermined by the fact
that there are four insteasd of three egquationa, Contraction of beth
aidoa over yields an identity., Setting

= , (3)
ve obtain what we shall call the standard form

. (4)

For fields encountered in practice (oc.g. at the surface of astronomical
bodies),
. (5)

It should be noted that (l) may be obtained from the variaticnal
prineiple

It would, however, be premature tn’t&lk about a Riemannian metric
before investigating the mode of production of by matter,
Throughout the discussion we shall, for coneeptual clarity, use the
formal _——  one might even say Platonie —  flat-space
coordinates .2 in terms of which the theorles are postulated
to be Lorentz-invariant, Actual instruments may or may noct indicate

the » 28 we shall see below,

3. Field Equations in the Presence of Matter

We must generalize Poisson's squation

’ (7



where G is the gravitational conatant in rationalized unita, and
where iz a atatio mass distribution, If is time-dependent, the
left aslde becomes s Or, for low fields, | {see (5)).

In order to make the right side a scalar, we invoke von Lane's

theorem aceording to which, for a closed system whosse center of

mass is at reat, we have

’ (8)

provided the right aide is interpreted as a time-average, There iay
now no objection againat writing

= (9)
in the limit of low fields, The cholce of the exaet equation is
governed by the conservation of energy and momentum, Consider for
simplicity ell matter to be "dust", i.e. a massive fluid having no
inPernal stresses other than gravitational, Let be the
proper mass density of dust (i.e., measured when travelling along
with the fluld), Consider the one-parsmeter family of fleld equations

= ’ (10)
being an arbltrary number. If the boundary condition

(11)

at large distances is observed, all those equations are Newtonilan
in the appropriate limit, If one uses (4), (10), and the "conservation
of dust® |

= 0y (2)
then it is readily verified that

(a3)



satisfies
. ()
There remains the problem of fixing .
Hordstrom showed that is the correect cholee if the

Galilesan principle of equivalence (i.e., the egquality of gravitational
and inertial masses) 1s to be satisfield not only for test masses

but also for macroscoplc bodles. Given a quasi-atatic spherical
distribution of finite extent, one can determine its gravitational
mass by solving (10) for at large distances, thus obtaining

(15)
for some determined by . Similarly, its inertial mass may be
determined by

s (16)

being given by (13). It then turnas out that =
requires = 0,

Here we wish to present totally different ( and perhaps mnore
instructive) considerations leading to the same result. First we
show that clocks and rods are affected by the presencs of « To
construet (ideslly) a standard of length it is enough to choose &
reference mass s 8nd to note that the theory then contalns a
characteristic length = . {The seale of is provisionally
fixed by (11), ) A characteristic time is prévided by .
Hext we shall sssume that we artificlally medify the scale of in a
certain region, for example by enclosing it in & MWwllow massive shell,
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thereby changing the effective boundary condition. In that region
let the consequent change be

{ conat.)

Then the new physieal laws may be obtained from the o0ld ones by the

transformation
L

This is nothing but the gauge group under wihich the theory ias
invariant, This shows in particular that the charseteriastic time
intervala T of a clock will be affected by & change guch that

= . (37)

(A very careful argument is needed in order not to get the wrong
sign here}) Standards of length will be affected in the same way, so
that the apeed of light is unehanged: the deformations are conformal

in space~times It is well known that equivalence requires
» (18)

& behavior which has been strikingly confirmed by using the lMossbauer
effect. lence one obtains . .

Even the apparent loecal banding of a light ray by gravitation
may be obtained in this way. Using our Platonic coordinates, we
obtain for a "rigid" rectangular frame in a vertical downward field
the conformal deformation illustrated in Fig, 2, In these saue

Fig. 2
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coordinates, light is not affected by gravitation, = since B

for radlation in empty spnoéa (Alternatively. it may be verified

that the trajectory of a particle approaches a atraight line as ita
speed approaches that of light,) Hence the path of a light ray (dotted
line in Pig. 2 b ) will seem to be curved downwards. For the same
ressons light rays, in this model, Suffer no net deflection under

the gravitational attraetion of the sun,

S5« Ihe "Expansion" of the Universe.

Hubble's red shift is easily accounted for if one assumos a
uniform static non-gzerc density of matter. In a frame of reference

which is stationary with respeet to that matter, we have from (10)

P (19)
under the assumption that the univera§ is uniform in space:

. - {20)
With a suitable origin for one has
const, N (21)

Suppose the present date is negative. Then is decreasing,
Emission of the obmerved light occurred at lower and henee the
1ight is seen as if under a gravitational red shift which should be
proportional to the distance if the latter is not too large. The
situation is illustrated in Pig, 3, in whiceh iz the present time,

The slope of the curvé dt is a measure of Hubble's constant.,

Big- 3



6. Mach's Prineiple

The ratio of inertial to gravitational mass is affected by »
since this is the coeffieient of in (4)« The precqéﬂing
section shows that, if the mean density of wmatter is non-zero, the
boundary condition ¢%-a' is a property of the present time only
and hence that the ratio: of inertial to gravitational‘maas changes
with the aga»afvtho universe.,  The special value = ] is of course
due to a short-sighted cholce of units. More generslly, if the
effective boundary condition is modified, say by eneclosure in a
massive shell, the above ratio. will be affected through the inertial
term in (4).

7. Anti gl‘&?itz

For a single point-source, the solution (15) is exact. Therefore
= 0 at & critical radius (corresponding to the Schwartzsehild

radius of general relativity)

:
inside whieh o Again in view of ew. (4) this means a
reversed inertia, and hence an acceleration away from the central mass.
A gimilar situation becomes uhiversai before ti'and aftar‘ﬁ_in
Fig. 3. However, these situations must be considered unphysieal,
as they cannot be reached in a physically sontinuous manner from the
more usual situations; the metrie must beecome singular at the
transition points, This, in faet, is preeisely where the Cartesian
Ansatz falls us, and where curvilinear coordinates would become

necessary.
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