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INTRODUCTION

Knowledge about the earth's gravitational potential has increased
significantly during the last few years, mainly through the studies on
the motions of close artificial satellites. Analyses of the secular
and long-period perturbations of satellite orbits have yielded
determinations of the zonal harmonics up to the 14th order (Kozai, 1964).
Meanwhile, improved determinations of the long-wavelength, longitudinal-
dependent variations in the gravitational field have been made by careful
analyses of different types of short~period perturbations of satellite
orbits. Only recently, however, determinations based on optical technique
(Kaula, 1963a, 1963b; Izsak, 1963a, 196Lka, 1964b), and on Doppler technique
(Guier and Newton, 1963; Guier, 196l4) have shown good agreement on the
general features of the geopotential. The results areialso compatible
with recent analyses of the surface gravity data (Kaula, 1961; Uotila,
1962). Izsek's analyses has yilelded coefficlents of significant magnitude
for tesseral harmonics up to the 6th order; Figure 1 is the geoid corres-
ponding to his most recent results (Izsak, 1964b).

That the figure of the geold is not a rotational ellipsoid indicetes
that the interior of the earth is not exactly hydrostatic. Somewhere in
or on the earth‘there must be a small departure in the actual density, call
1t the density anomaly, from that corresponding to a hydrostatic distribu-
tion. This density anomaly should have no relation with the crustal
strﬁct;res since the geoidal undulations show little, if any, correlation

with the distribution of the land and sea or with any other large-scalc

crustal structures.
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Recéntly some similarities between the patterns of distributions of
the heat flow and the geoidal undulation were observed (Wang, 1963; Lee
and MacDonald, 1963). It appears that the density anomaly related to
the geoidal undulations may have ite origin in & perturbation of tempara-
ture through uneven thermal expansion of thevupper mantle.

" Radiometric determinations of uranium, thorium, énd potassium have
shown that radioactivity of rocks varies through aiwide range ,
even in the same type of rock. In an example given by Lovering and
Morgan (1963) on the uranium and tho;ium abundances in eclogites,
uranium varied from 0.018 to 0.24 p.p.m., thoriumvvaried from 0.015
to 0.60 p.p.m., and the ratio Th/U was highly variable. It appears re;son-
able to assuméuthaﬁ the radiocactivity of the upper mantle is not laterall&
homogeneous. If the temperature perturbation is related to a laterally
.iﬁhomogeneous‘@istribution of radiogenic heat sources in the upper mantle
where the aominant process of heat transfer is thermal conduction, it is
possible to find a model in which the distributions of temperature and heat
sources will give us the observed variations in the surface‘heat flow, and,
thrqﬁgh thermal expansion, thé correct magnitude of density anomaly to
account for the.geoidal undulations. It is the purpose of this paper to
presen% such a model. Whether the above proposed hypothesis ic acceptable
or not dependé ceritically on whgtﬁer the calculated results on the tempcratufe

and the heat sources in the model are reasonable or not.
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THE DISTRIBUTION OF HEFAT FLOW AND ITS CORRELATION WITH

THE GEOIDAL HEIGIIT

In recent years, numerous heat flow measurements have been made
over the earth's sufface.' The distribution of the measurements, how-
ever, is very uneven; most of them, about 88 per cent, are in the
oceans and concentrated in the East Pacific Rise,Athe‘east coast of the
United States and the west coast of Europe. The rest are scattered in
North America, the British Isles, Japan, Hungary, Germany, Australia,
and the southern tip of Africa. La?ge gaps exist in the continental
regions; there are, for example, no measuremeﬁts in South America or in

most of Africa and Asia.

I have about 750 heat-flow determinations at hand, most of them from
Lee's (1963) éompilation. These data are averaged into the 5° x 5° ,
10° x 10° and 20° x 20° squares as shown in Figures 2, 3, and L,
respectively. In Figure 3, the high and the very high heat flow appear to
be closely associated-with some major geological structures. Tor example,
squares with very high heat flow occur in the regions of the North American
Cordillera, thé East Pacific Rise, the‘Midetlantic Ridge, the Alps, the
island arc of the western Pacific Ocean, and some volcanic areas. The

geologichl structures are definitely related, in one way or another, to a

higher rate of supplying heat.
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Figure Alshows that the long-wa#elength diétribution of heat flow
haé no'correlation with the distribution of thevldnd and sea. Comparing
this figure with Filgure 1, it is seen that most of the squares with high -
heat flow correspond to squares with negative geéiaal height, while
moet of the squares with low heat flow correspond to squares with
positive geoidal height. Thé correlation is better when the extremely
high heat flows are erased. To test this negati&e correlation, the
sphefical harmonic representation of heat flow bf Lee and MacDonald (1963)
is correlated with the satellite'geopotential. Since the harhonic expansion
of heat flow is made only up to;the second order, for the purpose of
lcorrelation with the geopotential we éhoose harmonic coefficients for
the 1étter only up to the second order so that both sets of data have
similar wavelengths in theif distributions. Using Lee and MacDonald's
analysis with the extreme velues.deleted (1963, Table 2, column 4), and

‘Izsak's (1963b) Cpp = 6.98 x lO"7 and S = -5.Thk x 10'7, the correlation
2 .

2,2
coefficient is found to be -0.82. Figure 5 shows the distribution of

the pairs of points and the regression line,

’

INTERPRETATION OF THE OBSERVED CORRELATION

The hypothesis proposed here 1s that the inhomogeneous distribution of

>

radiogenic heat sources in the interior is responsible, through thermal
conduction, for the fluctuations of the surface heat flow. The corresponding
internal temperature, through thermal expansion, causes density anomalies

. which in turn produce the geoidal undulations ‘on the earth's surface.
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Since we are only concerned with the deviations of heat flow and geoidal
height from some reference levels, it is necessary to define the physical
meaning for the latter. As the distribution of mass must be affected
by temperature, the measured gravity on the surface of the earth must alco
be affected. TFor the present discussion, I define the refercnce state as
the distribution of thermal propérties and mass, one related to the other
in the earth, which gives,as result of combined effects, the spherical and
the elliptical terms in the geopotential and the average heat flow-on the
earth. The residual variations in bofh the heat flow and the geopotential
are controlled by some factors in the interior that deviate from the

reference state.

.In the present treatment, thermal conductivity K and the diffusivity
k are_assumed to be uniform in the upper part of the earth. Since the basic
physical equations controlling gravitational potential and the heat flow through
thermal conduction then contain only linear, partial differential operators,
it is Justified, in the mathematical treatment of thé residual physical quan=-
tities, to disregard the unknown quantities involved in the reference state.
If the deviations in temperature and in the rate of heat generation per unit
volume are denoted by AT and AA respectively, the temperature is then con-

trolled by the conduction equation

x v2(ar) - o (87) = - E(m) . (1)
-5 =

SN,



We may assume that the pattern of the distribution of AA has been fixed
since the crust and the upper mantle were formed. Althoﬁgh not all parts
of the erust are the same sge, it is assumed for mathemitical simpliecity
that this took place some 3.5 billion ycars ago. Let us sct t = O as

the time at 3.5 billion years ago. The initial condition is then

AT

i}

0.

0, at %

/
The boundary conditions are

(1) ar b

1l
1l

0, at r
where b is the mean radius of the earth, and (2) AT is bounded a2t r = O.
It will be shown later that the distribution of AA is near the top of the
mantle; the second term in Equation (1) can then be omitted since the time span
1s long enough for temperature to reach equilibrium. Owing to the radioactive
decay, AA should be & decreasing function of time; but since uranium, thorium
and potassium 40 .all have very long half lives (in the order of billions of
years), the decrease in AA is very slow. Besides, thermal equilibrium has’
been reached in the top portioL of the mantle and excess of heat was conducted
; .
to the surface of the earth and dissipatedj so the present temperature varia-

tion AT is.maihly controlled by the present distribution of AA. It is there-

fore Justified to take AA as independent of time.

-6 -



Assuming a very simple model for the distribution of AA such that

AA = Z (AAn) = z (pn“m cos m\ + L sin m\) Prn:(sin B), forc<rs<bd (2)

n

and = 0, for r < ¢

we have

r

n+2 ; ,
[ - = )dr' * ( S P2 gl L (3)
2n+l ,n-l 2n+1l /, 2n+l 2n+1 :
b / r b

C

pn,m and qn,'r_x_l are related to the observed variation of surface heat flow by

!

oF = - K 3(am)/ar| _ | (4)

The above two equations give AT in terms of c and the observed heat

flow, The value of' ¢ 1s determined by the condition

pp/p =-a AT - (5)

such that Ap corresponds to the denslty anomaly causing the residuals in
the datellite geopotential. In Equation (5) p is the density for

the relference state and o is thé coefficient for the thermal expansion
o rock. The external potential corresponding to this density. anomaly

is (Jeffreys, 1959)

O 2no oG -c Z( >n+l ATn) . (6)
/, 2n+l 2b
n



Adopting K = 0.006 cal/em sec C°, @ = 5 X 10'5/c° for éclogite (Birch, 1952)
and Lee and MacDonald's heat flow coefficients (1963, Table 2, column L), i%
is found,by trying various values of c,that in order to make Equation (%)
the same magnitude as that of the residuals in the satellite geopotential,
¢ is equal to 6271 km; that is, the distribution of AA is within the outer
100 km of the earth. Figures 6 and 7 give the corresponding distributions
of AT and AA. Since rocks cannot have negative radioactivity, the fluctu-~
| ation of AA in Figure 7 suggests that the average rate of heat production

1k cal/cm3 sec. This rate is

in the upper mantle should be at least 2 X 10~
much higher than those of peridotite and dunite, but is lower than those of
basalt and some eclogites (Lovering and Morgan, 1963). An eclogitic upper

mantle 1s hence 1n thils respect more favored than one made of peridotite or

dunite.
CONCLUSTONS

On the basis of the observed correlation between geoidal height and
heat floﬁ, the geoidal undulations have their origin in the temperature
perturbations within the outer 100 km of the ﬁantle, haviﬁg a maximum amplitude
of about one hundred degrees. The corresponding fluctuations of heat sources
indicatg\that an eclogitic upper mantle is more adequate.than a per%ugotitic

or a dunitic one.

Since the mantle under the continents may be different from that under
the oceahs, the temperature curves given in Figure 6 do‘nof represent the
actunl variations of temperature in the mantle. A more recalistic picture
cannot be given until a definite answer about the temperature distribution
in the assumed reference state is found. The temperature curves in Figure 6
imply, however, that isothermal surfaces in the uppér mantle cannot be simple

geoﬁetric surfaces; they have their ups and downs.

— ' - 8 -



*wq 0§ yadsp 3e (Spead
-13u8) s9sadep uy) 83B3S dOuUdJISJeJ SY3 03 3oadssa yjzim suoijeqanjasd sanjeasdwsy 9 "I1g

3,08 091 Ob! 02 00 08 09 - OF 02 O 02 OF 09 08 00 02 Ol <091, M08!
. T T T T T

moom T )| 1 T T ] . 1 .._._ T H ﬁl T _.g T TT T " T moom
wose e el L N R N I i s i A e s o USRS T AN il P 08
> 1] 1 T n jpa— ..l_nl_lﬁ_lf. T_JUMF- T IH\N“I ]
HHF AN T A AT
09 HHHH+HH I T ]
T LT T Lo rnhssytoanrbe it L
A1 s .+#*"+._«.\_w_.
2 AL L L
-T\T*Mﬂj | LN N R T TR
- - 1~ - - b - b L . —. — 4 s -4 - 4= T - - 4. 4= 4
02 FHH A . i LT N 2
.%oo_-ﬁ T A T P Lo e T
O HTHATT — . m%._c R H AN ©
H S TR N TN
02 “ ; “ o : ; - <N_.| L _. ._x|_1| WV_ .gl_;l_nl_..l..l i _..l_l OON
RERNBZENE J A I L LS =K SN T N T
xuBlE K R T N E0
Or Tt Voot AP op
T Ot T
T3 11 it | _l;..vA_~_, { .f/ul_\-_ | mm
09 [l T PR LT ST T oo
T <A Nt Tt T T b T
O 44 T B = 1o V= ot L B I L L L B e
08 [HHH-+ _ - / e ] 08
R ] 1 | | | (] | L1 . i I N I ' F _LI_I.l_n ..*anr_l LT T

N.O6 L ! r T _ . R . _ ! N w06
~7 3081 091 Obl 021 OO0 08 0 OF 02 L0 02 OF 09 08 OO0 02 Obl 091 MeO8!



*94B9S ©90UsJI9JJ

ay3 o3 39%adsaa yzim ommmEo\Hmo Ma|0H JO 3TUn Ul y S90J4JNnos 3ESY JO SUOT3EIJIEH * 4 314
wonmv%m_ 091 Obl 021 HOI 08 02 - Ob 02 0 02 O 09 08 LO0 021 Obl o091, M08l
B=: nllw-.._lﬁ..,- e : T 1 rﬁlx“J:.l. T T xJATa Fﬂqﬂlq-r T q T _ RERS SL06
08 gttt T B e 08
L 1 ik T | - - L= M\ + + 4+ R -+ -} A ]\LV“.I 4]
e DL | R e RN s
oom\_-u_w_-ummrr;nu-j S T S R N WH VS S N e
SpSakuRE: 1_-,‘@? RO EE R SRRy RERRRE™
O [+ SESABE muns L T I AL A o
A PK@MJT.M i N ERIRERE e
02 4 _PQAV [ | IFI ll_lT..L_ O lmx-_%—.mv B 02
-+ ‘MA,.%Q,_ m_,xﬂl.h\m;, E LD EL R N N EA LN N ‘
R | 14 | ; A
0 =t i\r__ \WAVﬂ _\ ey A T TN T O
Tirn=rl1i. :V I L L L L DL VL L B I
SERYOESERp” 2 NESEEEDEs) 0 22:
it 113 e N 11 | FN A
O At LA L LN 2 %VMVIKLL . ] I B A
o L AT Y = L. T @
. T Jr T, 7 T, TN A~
S L4000 NN e
1 - Y L ’_.l 1, | T ...I_Jl T
LOb 1.1!11V—..OMR_1V«IJWL_ _._.“nlJvuh_J/_Lx.ﬂ#@#ﬂ}“.l“ Op
[o=apSEiE Ry annpy ] A R
09 [ &m,ﬂﬂl RN G A T.\mw_w\ﬂ 09
*_.:F.L,Tﬁ\_ + S S A e
- IIL —<4- ll..l.l_ lhll o . i aa . . ) ) o ...l T T T T+ T T T
<08 M1 .ﬂ]_wu_%“ : T , T ] <08
Nos L T 1T T (T T ; DO DT T IATI T Ay g

T T R 11 !
3,081 091 Obl 02 LHOO0I H8 09 OF 09 08 OO0 021 Ol 09N MO8l



REFERENCES

Birch, I'., Elasticily and constitution of the earth's interior, J. Geovhy:o.
Res., 57, 227-286, 1952.

Boldizsér, T., New terrestrial heat flow values from Hungary, Geofis. Pura

Appl., 39, 120-125, 1958.

Boldizsér, T., Terrestrial heat flow in the Carpathians, J. Geophys. Res.,

69, 5269-5275, 196h.

Bullard, E. C., The figure of the earth, Monthly Notices Roy. Astron. Soc.,

Geophys. Suppl., 5, 186-192, 1948.

Burns, R. E., Sea bottom heat-flow measurements in the Andaman Sea, J. Geophys.
Res., 69, 1918-4919, 196h.

Carslaw, H. S.; and J. C. Jaeger, Conduction of Heat in Solids, 2nd ed.,

Clarendon Press, Oxford, 510 pp., 1959.

Cook, A. H., The external gravity field of a rotating spheroid to the order
of e3, Geophys. J., 2, 119-21Lk, 1959.
Diment, W. H., and R. W. Werre, Terrestrial heat flow near Washington, D. C.,

J. Geophys. Res., 69, 2143-2149, 196L.

Egyed, L., The-satellite geoid and the structure of fhe earth, Nature, 203,
6T7-69, 19Gh. '

Guicr, W. IL., Défelminution of the non-zonal harmonics of the gcopotcntiull

fr;m satellite Doppler data, Nature (in press), 196k.

Guier, W. H., and R. R. Newton, Non-zonal harmonic coefficients of the geo-

potential from satellite Doppler data, TG-520, Applied Physics Lab.,

Johns Hopkins University, Baltimore, 20 pp., 1963.



Hovard, L. E., and J. H. Sass, Terrestrial heat flow in Australia, J. Geophys.
Res., 69, 1617-1626, 196h.

Kraskovski, S. A., On the thermal field in old shields, Bull., Acad. Sc. UN5R,

Geophys. Series, (3), 247-250 (English edition), 1961.

Izsak, I. G., Tesseral harmonics in the,geopoﬁential, Nature, 199, 137-139,
(unpublishgd), 1963a..

Izsak, I. G., Tesseral harmonics in the geopotential, private communication,
1963b. |

Izsak, I. G., Tesseral harmonics of thé geopotential and corrections to station

coordinates, J. Geophys. Res., 69, 2621-2630, 196ka.

Izsak, I. G., Tesseral harmonics in the geopotential, private communication,
196%4b. |

Jeffreys, H., The Earth, Cambridge University Press, Cambridge, hth‘ed., 438,
1959.

Kaula, W. H., A geold and world geodetic systeﬁ based on a combination of

gravimetric, astrogeodetic, and satellite data, J. Geophys. Res., 66,

1799-1811, 1961.

Kauwla, W. H., Tesseral harmonics of, the gravitational fleld and geodetic
datum shifts derived from caméra observations of satellites, J. Geophys.
Res., 68, L73-48L4, 1963a. |

Kaula, %. H., TImproved geodetic results from camera observations of satellites.

J. Geophys. Res., 68, 5183-5190, 1963b.

Kozai, Y., New determinations of zonal harmonic coefficients in the earth's -
gravitational potential, Smithsonian Astrophys. Obs,, Special Rept.,

No. 165, 196k.



Lumbert, W. D., Note on the paper of A. Il. Cook, 'Ihe external gravity ficld
of a rotating spheroid to the order of e3, Geophys. J., 3, 360-356, 1960.
Lengseth, M. G., and P. J. Grim, New heat-flow measurements in the Caribbean

and Western Atlantic, J. Geovhys. Res., 69, 4916-4917, 196kL.

Langseth, M. G., Grim, P. J., and Ewving, M., Heat-flow measurements in the
East Pacific Ocean, J. Geophys. Res., 70, 367-380, 1965..

Lee, W. H. K., Heat flow data analysis, Rev. Geophys., 1, 449-L79, 1963.

- Lee, W. H. K., and G. J. F. MacDonald, The global varlation of terrestrial

heat flow, J. Geophys. Res., 68, 6481-6492, 1963.

Lister, C. R. B., and J. S. Reitzel;iSome measurements of heat flow through

the floor of the North Atlantic, J. Geophys. Res., 69, 2151-215k, 196k.

Lubimova, E. A., Heat flow in the Ukrainian shield in relation to recent

tectonic movements, J. Geophys. Res., 69, 5277-5284, 196k.
Nason, R. D., and W. H. K. Lee, Heat-flow measurements in the North Atlantic

Caribbean and Mediterranean, -J. Geophys. Res., 69, 4875-4883, 196k.

Reitzel, J. S., Studies of heat flow at sea, Ph. D. thesis, Harvard University,

Cambridee, Massachuscbbs, 19G1.

Roy, R.; lleat £low determinations In the United States. Ph. Do thesis,

Harvard University, Cambridge, Massachusetts, 1963.

Sass, J. H., Heat flow values from the Precambrian shield of Western Australia,

J. Geophys. Res., 69, 299-308, 196ka.

Sass, J. H., Heat flow values from Eastern Australia, J. Geophys. Res., 09,

3889-3893, 196Lb.

de Sitter, W., On the flattening and the constitution of the earth, PBull.

‘Astron. Inst. Netherlands, 2 (55), 97-108, 192k.



Uotila, U. A., larmonic anulysls of world-wide gravity material, Amn. Acnd.

Sci. Fennicae, (A-III), No. 67, 18, pp., 1962.

Uyeda, S., and K. HOrai, Terrestrial heat flow in Japén, J. Geonhys. Reo.,

69, 2121-2141, 196k.
Vogel, A., Uber Unregelmissigkeiten der Husseren Begrenzung des Erdkerns

auf Grund von am Erdkern reflektierten Erdbebenwellen, Gerlands Beitr.

Geophys., 69, 150-17k, 1960.

Wang, C. Y., On the distribution of surface heat flow and the second-order

variations in the external gravitational field, Smithsonian Astrophys.

[N

Obs., Special Rept., No. 13k, 13; pp., 1963.



Abstract. The negative correlation coefficient, -0.82,
between Izsak's (1963b) satellite geoid and Lee and MacDonald's
(1963) heat-flow distribution suggests a correlation between
the geoidal undulations and the,ﬂighs and lows of heat flow,
in the sense that depressions on the geoid correlate with regions
of high hqat flow while rises on the geoid correlate with regions
of low he;t flow. This implies that the depressions on the geoid
are related to hotter and lighter material in the interior of the
earth and the rises on the geoid are related to colder and heavier
maverial. Assuming fhat the density anomaly Ap, which is responsible

4f§r the geoidal undulations, is related to a temperaturec perturba-
tion AT by Ap/p= -aAT, where « is the coefficient for the thermal
expansion, and that AT is caused by an inhomogeneous distribution

of radiogenic heat sources, the location of this distribution of

heat sources is found within the outer 100 km of the mantle, and the

corresponding temperature variation has a maximum amplitude of
about 100 degrees. The corresponding fluctuation of radio-

14 cal/cm3 sec, implying that the

genic heat is about * 2 X 10~
upper mantle contains far more heat sources than does peridotite
or dunite. An eclogitic upper mantle seems, in this respect,

more likely.
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