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that 21l hoedizs fall to sarth with the



samp acceleratioaf This is most gasily seen by ueing a refersnce frame falling with
a bedy. In thiz {rame the earth's gravitational forcs is cencellsd by ths graviis
tional (inertial) foreca of the rest of the universe which is sceeleraiing upwards.
This cancellation is complete 1f the universe has & particular acesleration, which

bas pothing Yy do with the properties of the body. PRcuivalently the acceleration due

to gr:vity, g, depends on the properties of the earth znd the unlverae, but not on
thoss of ths baedy.

This profound insicht of Einstein's was followed by an ecuslly rrofound one
a few yeara later, It is known from special relsativity thet inertisl forces (of
which centrifugal und Coriolis forces are jusht spascial cascs) have a somewhat
camplicated structure, and are represented by a guantity hsvinz 4C independent
components (the "three-index” or Cnristoffzl symbols). Now i. speciasl relativity
we can always cnocse to use an inertiel frame in which the inertial forces vanish
everywnere. Tiis impllies that the Christoffeal aymbels are not of the most general
kind, but are what is czlled "intsgrsble". If inertial forces are gravit:ztional
in origin, gravitationzl forces must :lsc be dsscribed by Zhristoffel aymbols,
But gravitational forces do more than give rise to inertial forces -~ they also
produce the effacts, szy, of the earth's gravity, whiech, because of its non-

uni formity, cannct be mede to vanish everywnsre. Accordingly greavitstionsl forces

-

must be descriked in gensrsal by Tnon-intezrable™ Christoffel symbols. Now these
are just the quantitiss that sre used to deccribe a curved sgace or spaca-time.
S0 Finateln proposed that genersl grovitational forces are s mznifestation of the

curvature of space-tine,

* I beli=ve that at the time Zinstein was unaware of E&tvés‘sg refined verification
of Galileo's discovery.
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Binstein's finsl step wais to sat up fleld squations which related the curvature

&~

of space-time to the sources of the “"gravitational field", that is, to the distri-
bution of matter., These ejuations then prescribe now muc i grevitation, or curveture,
is produced by a ziven oody or Aistribution of bodics., It is very strilddng that one

f the Logsibla sets of squations steod cut from the otrhers on ccoount of ibs
simplicity (we shall sce woy l-ter), »nd this wis the cne Zinctein adoot:d.

into the well-known success of theswe enfu:ticns we nead not erter nere. Rather

w2 are concarnec aith the fehbs of Mscn's prinecipley 3By » curious twist of irony
it emerged that 1tihcugn Einstelirt's taeory wes constructed trroughour alth this

™ -

princiole ir mind, yet nevertheless it was not comletely s.tisfiszd, TFor Finstein
field equations h-ova solutions in which bodies posszss inertia sven thouch thers is
no other m:tter in the usiverse, Einstein tried to rectify this be tampering
slightly with ris field equ:tions (adiing the so-called cosmical Lterm) but these
zquetions too fave :nti-Mach solutlons. At thic sbage Einstein seems to have ziven
up Mach's principle,

A Simple Tocoey of Mach's Prirciple

In 1953 I publisned a thscry incorporating Mach's prirci:le, In several imrort-ont
recpects tnis thsory w:s oversimplifiaed, but it still, I think, 2ives physical inmight
into the provlem, The tieory accepted Einstein's propossl that inertial forces are
gravitstlonal 1p origin, but it was based on Maxwell-type ecuations for the sravi-
tationsl fizia. The polint of tids cholce of fisld ecuaticis is that it wns already
KILOWRI [OW 0 2aDrsss a Macn~-tyoe vrineiple 1n Maxwellian electrodynsmicas. The
prirciule there takes tne form that the electromacnetic fleld is to be entirely due
to piyeical sources (ch.rges and currents), and not partly due to sources -nd partly

Peeli-existing" (e. 2. by contalning a source-free plane electromacnstic wave moving

through the universe). Mathematicaelly thls principle can be expressed as follows.



In YEeoususl raotoflon MNaxwell agur " wrm, e I oA By R TS
P S s
K
37 a4 -
i
oo
h
K s bapidisg 7 =R S DI ETRIE R A
-~ -
I 2} »
' = - - LA
A = ____} y Hed 1‘ 4
[r
L o mep
§neve B2 ke seapame sbct ror Fakpte-re. aave > pid
o
iy
oA =
aar e sraani 1o fon 2Isdlr6 =t @ - 17 Sad SovE eLut1 #
AlR tze Zo0e XE v.3a Tue L@ BRR BT o tlouty Al W ow ot 2o oy wiirdes
LI 337 ¢l ThTrge
2
A} —
B = .
‘) .
g
ke @ EeSy B Liengs WETA S BIRy, SO osrovit nevwy, o Bewezd ta b et
Ltlar Yeg move Irourbsant thsr Re ooy oadctsr Looorodeelpe lre=hial ferzes, nd tha
trigse Jorees 3G ). nave elr o served VoLl ol LD T2 gvarage density of matter
Line 2riverss | 883 redatec to tre crovdls Dol consts Gy end Sae M i=
-~ "
vr.stant (e . deLamnins3 Wiy rRld | Fu, atcitn of Yo arive=s amd Se LTS
S Leltava rod. oo T LT . X

e e e e e . e e i e e . b . s % e

aytente A s



- ! -\
G()[“m; ks (3]
a relatior whidch is consistent witn ozservatio .
A Complete Theory ot Msch's Frinci le
Owing to its s m-1lificatiors %ids theery cannct be zccapted as a c-mplete thsory

of Mach's principle, In the l:zst few years there has been nuch riscussion of this
crineiple, and the various proposals nav:s incluled abanloning it, m=¥ins topological
restrictions or tne solutions of EBinsiein's field scustions, and introducins Jurthar
fields in addition to the Chrictorfel syabols. I would like to onrorose hers whet
appaars to be the nost natural exbtensicn of my previcus theory, which in adaition
is in close ceoafornity to Winstein's ideas.
Thars are twe mein respects in whichi my previcas theory 1= inade:uats:
(i) It is bas=d on a vactor potenti 1 instead of a tansor potzantial (ornly a ternsor

potential leads n-turaily to Thiristoff=l eymbols). (ii) It is linear, wherais

by

wa wWoild expect sravitatlonal ensrgy i1tself tc be =z snurce of greovitation, sinee,
according to Finstein's interpretation of Meca's prirciple, all forms o energy
for, eauivalently, inertiz) arlse by viriue of interaction with gravitation, (In

constrast to this, tne electromaznetic (leld is not a scurce of siectromagnetism,

that 1s, is ot charged). d.en these two limitations are removed we arriva at a

theory wiaicn is in all respacts ecuivslent to Einstein's.,

This remarkatle situztion arisss in the followingz way. W:- set up Folason's
equation for - Larsor cravitational potantisl g;:» with a source term coneiszsting
of th= enargy-momentum tensor Ti' of matter and the symmetris:=d ensrgy-momentum

{p8sudo=" teraor @& - of grevitation. We then obtain the eauaticns (somewhsat

inalegous to L) and (2) )
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wherz}? = = 4r:;ugij, g is the determinant of gij’ and the operator U & is
the Minkowskian one, Now Papapetrou has shown that in a co-ordinaste system restristed
by tne conéition (2'), Binstein's field equuiions can be written in the form (L1'),
without any approximation whstsoever., This incidenta.ly is the rezson why Einsteln found
his cholce of possible field equations to be so restricted: *ihey are the only Poilsson-
typae egusticns for a szli-interacting tensor field.

It i clear row how to procsed. Since the 3 2 operator in [1') is the Minkowskian

#®
! E B e
one, we can irtegrate (1') to obtain
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where B~ 1is a solution of the scurce-{ree wave squation

2,1
0.\/01“:0-

. . _ 3.3 . .
We now assert that Mach's principle taxes the form: set B J equal to zero. As

before, all the field is then due to tha sources; now including the gravitational fiald
itself. Equation (2') is satisfied by virtue of the conservation of energy and

momentum
'jiiﬁ j:g(Ti; 4 Gij) = Oy
R

. o s - l ~ ) i
which, if we replace 7+ by R -:R g ¥ from Binstein's form of his equations,
is squivalent to tne contrzoted Bianehlidantities.

’ . k3 > *
By a simllar replacement we may write if we wish
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* There is an additionsl surface lntegral if the energy-momentum distribution extends
to infinity.

* gee previous footnote
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which 1s a non-liaz r intesral egustion fogaf? (since R J is a known Tunction

iJ .
q£7 J). Any solution of this sguation is a solution of Einstein's equations which

satisfies Mgch's prineiple. We hence regard Mach's principle as a means of selectlng

physically satisfactory sclutions of Einstein's equations., This is done by choosing
sultasle boundary conditioas, which in ary case ar- needed since ir Tinstein's form
nis eauations are d fferential equstions. The idea that Mach's principle is & »~ule
for croosinz beundery conditione 1s not new, but iitherto these boundary conditlions

nad not oneen fourd.

Muturs Work

Pl

Two major problems remain to be tackled. The first involves equation(2').
There exists a "physicists' proff" that a co-ordinste system can always be found in
which{2') holds, out a "mathemsaticians' proof® is lrciking. Secondly, we would like
to find out which of the known exact solutions of Einstein’s ecuations satisfy (4).
It 1s easy £o ses tist the Schwarzschild soluticon does not. The general problem
appears to be fairly straightforward. 1 ~lan first te test the known cosmological
solutions, which eppear more lilkely than the Schwarzachild solution to satisfy
Mach's principle, especially as they lead to results like (3). Nevertheless, it
may be possible by this mesns to rule out soxe of these ncdels or even (the ideal
slituation) all but ore., I this turns out to be so, Hach's principle will make a
very specific prediction; which wlill, we may hope, be eventually confronted by
observation, If it survives this teat it #ill at long-last ceas=e to be semi-
phlicsophical, and will leke its, surely deserved, placs alongside the other great

princionles of physice.
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Mach's Prirciple snd the General Theory of Relativity

br D. W. Sclama

Sumnary

The aim of this essay is to propose & rew formulation of Mech's princirle in
zsneral rel=tlvity. The principle i3 regarded as a rule ‘or ohoosing boundary
conditions for Binstein’s fleld squetions, which ensureg thet the inertia of matier

is antirely dus to itz iateraction wlth the rest of the universe. Previous atterpts

to find suech ovcund: ry conditicas have f:ziled. The new upropesal is bused on

o

aparetrou's formulsticn of Rinstein's equations wiich snhowe sxplicitly that the
Frovitetional fleld itself, as well es motter, is z socurce of gravitztion -nd inercia.
The required boundary conditicns can then b2 gtoted dir-ctly. They le=d to a non-
lipnear intezril equation whicn determires all those solutions c¢f Bingtein's e?uatioqs

wilch satisty Mach's principle.



