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A NEW APPROACH TO SINGULARITIES.

Essay on the Theory of Gravitation

by
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Summary. One central issue of the theory of Gravitation
within the framework of General Relativity are singularities
whose definition creates serious difficulties. The essay
presents a surprisingly simple and powerful solution of the
problem.,

To any space time a boundary is attached on which
incomplete geodesics terminate as well as inextendable time-
like curves of finite length and bounded acceleration. The
construction is free of ad hoc assumptions concerning the
topology of the boundary and the identification of curves
defining the same boundary point. Moreover it is the direct
generalisation of the Cauchy completion of positive definite

Riemannian spaces,



A New Approach to Singulaties,

Every general relativistic cosmological model in
agreement with observations has a singularity. Important
theorems by Penrose, Hawking, and Geroch show that these
singularities are not a consequence of isotropy
assumptions but a general feature of relativistic
cosmological models, Hence General Relativity is in trouble,
and the difficulties are increased by the fact that neo

acceptable definition of the term singularity exists,

In this essay a new definition will be proposed which

has none of the disadvantages of attempts made so far,

What creates the difficulties in formulating a suitable
definition of a singularity in Einsteins theory? The
intuitive meaning of the term singularity namely
"some quantity goes to infinity" has its origin in
classical field theories like electrodynamics, There
however a back ground, Minkowski space, is given on which
all fields are defined whereas in General Relativity space
time with a Lorentz metric is the "background”" and at
the same time the metric is the very field whose singularities
must be defined! Suppose a manifold is given on which the
metric tensor is singular at some points or on which a
physical quantity like the presswe goes to infinity somewhere,
If all these points are removed a space time remains on

which every thing is well behavad.

This shows that every definition of a singularity must

include a method to decide whether regions have been



removed from space time, Hence the task is to attach somehow
to every space time a boundary on which the "real
singularities" residue as well as the boundaries of

"removed parts",

Space time is a manifold, thus one could incline to
construct such a boundary using only the manifold structure.
But if for example a point is removed from RZ, the
resulting manifold is diffeomorphic to a cylinder. Nobody
however would agree to call a point a boundary of a
cylinder! Hence a manifold has no natural boundary and one

must try to use the metric of space time to define a boundary.

Suppose for the moment the Riemannian metric were
positive definite. Then it would in fact be trivial to find
a boundary, because in such a space any two different points
x and y have a distance d(x,y)> O, the infimum of the length
of all curves between the two points, Using the distance
one defines Cauchy sequences and constructs a completion: of
the Riemannian space in the same way as the real numbers are
constructed from the rational ones., In this way for example
a cone gets its top or the interior of a disk in the

Fuclidian plane a circle as natural boundary,

Unfortunately space time metric is indefinite. No distance
between two points is given as any two points can be joined

by broken null curves.

The new approach to a definition of a boundary is based

on parallel propagation of Lorentz frames, A Lorentz frame



is an orthonormal frame consisting of three ordered spacelike
and a timelike vector at a point of space time, Two different
frames at one point are related by a Lorentz transformation,
The set: of all Lorentz frames at all points is a ten-
dimensional manifold, called the Lorentz bundle, Four
coordinates label the point in space time and six coordinates
fix the frame at this point., A family of frames along a curve
in space time determines a curve in the Lorentz bundle, If the

frames are parallel the curwve in the bundle is called horizontal,

A text book result: of modern Differential Geometry states
that parallel propagation in space time defines ten vector-
fields, linearly independent at every point, in the Lorentz
bundle, These vector fields contain all information about

parallel propagation in space time,

The essential idea is to endow the Lorentz bundle with a
positive definite Riemannian metric by definig these vector-
fields to be orthonormal, Like any positive definite metric
this bundle metric determines a distance d(u,v) between any
two points in the bundle, Therefore one can form the Cauchy
completion of the Lorentz bundle and gets a boundary whose

points are Cauchy sequences without limit in the bundle,

Can one use this completion of the Lorentz bundle to
construct a boundary of space time? Yes, in_the following way:
Two frames at the same point in space time are related by a
Lorentz transformation., Therefore the Lorentz group is a
transformation group on the Lorentz bundle, It is possible

to establish that this transformation group has a unique



extension on the boundary of the bundle constructed above,
A boundary point of space time is now defined as an orbit
of the Lorentz group in the boundary of the Lorentz bundle,
This boundary of a space time is called the b=boundary ("b"
for bundle). The bundle with its boundary is a topological
space and this implies that space time together with its b~

boundary has a natural topology.

What interpretation can be associated with points of the
b=boundary defined in a quite abstract way? Before answering
this question it should be mentioned that the b-~boundary of
a positive definite Riemannian space which é%arently can be
constructed in the same way, coincides with the boundary given

by Cauchy completion,

There is a surprisingly simple characterisation of points
in the b-boundary, illustrating clearly its physical significance.
Fundamental is the interpretation of the length of a horizontal
curve, calculated with the bundle metric; Take a horizontal
curve in the bundle, in other words a curve x(t) in space time
and a parallelly propagated frame eo(t)""’eB(t)' If x(t) is
the tangent vector of x(t), it is a linear combination

2(t) = a®(t)e () + a'(t)e (t) + a®(t)e,(t) + a’(t)e,(t)

of the frame vectors. Then the length of the curve in the bundle
* Y(bunaie)*= j[(ao)2+ (ah)%+ (%)% (aB)ZJ% dt.,
To realise what this means compare this expression with the
length of x(t) in space time which is

1
L(space time)=f[_.(a°)2+(a‘)2+(a2)2+(a3)2] 2 at



as eo,...,e3 is a Lorentz frame for which the length of eo‘is
-1, the length of e1,e2,e3 is +1 and all four vectors are
orthogonal, Hence the length of the curve in the bundle is
the length of x(t) calculated as if the frame €y1ees€q Were
an orthonormal Euclidian frame, Obviously this length depends

on x(t) as well as on the frame because the frame determines

the coefficients al(t) along x(t).

Using the meaning of the length of a horizontal curve in
the bundle , one easily finds the interpretation of a boundary
point of space time, Consider an inextendable horizontal curve
of finite length in the bundle, Clearly it determines a :
boundary point of the bundle and of space time, Hence one finds
that an inextendable curve x{(t) in space time defines a
boundary point if its "Euclidian length measured in a parallel
frame" is finite, The length will depend on the frame, but if

it is finite for one frame, it is finite for all frames,

Take for example an incomplete half geodesic in space time,
Obwiously it terminates at a boundary point ag its tangent
vector is parallelly propagated. Similar an inextendable time-~
like curve of finite length and bounded acceleration gives
a point of the b-boundary. In this respect the b~boundary
essentially differs from former constructions in which points
were equivalence .classes of incomplete geodesics. This is very
important from the physical point of view because of the
following reasons: If such a curve exists in a space time, one
can in principle build a rocket with finite thrust travelling
this path using a finite amount of fuel, After some finite

time however this rocket is no more represented by a space time



curve and no prediction can be made concerning its future,.
Such a situation is now mirrwed in the appearance of a

boundary point,

Should one call all points of the b-boundary singularities?
Such a definition would not be reasonable as it may be possible
that the space time under consideration is extendable and
some boundary points may become regular points of the extended
space time,

Therefore T propose the following definition of a singularity:

A point of the b-boundary of a space time is a singularity

if it appears in the b«boundary of every extension of this

space time,

Obviously this definition of singularities does not solve
any of the proplems related with their appearance and physical
meaning, but it opens new ways for #£er further investigations,
concerning the nature of singularities and the pﬁ%erties of
space times near the singularities. For example: Are singularities
related to regions of very high curvature such that it seams
necessary to take quantisation into account? Answers to
questions of this kind are necessary to develop modifications
or generalisations of Einsteins theory which make predictions

in situations wheie Einsteins theory breaks down,
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