The Nature of Sources of a Gravitational Fleld

Bara 2. Newsea
Fhysics Department, University of Pittsdburgh
Pitwsburgh 13, Pennsylvania

ADRERACT

Ia most field thearies, 1t 1is possidle t0 odtain selutions of
the aguations in & source free region of space in terms of s distant
source distribution. When one attempts to do the same to Kimstein's
theory of gravitaticn great difficulties are sncountered. Due te the
extreme non-limsarity of the eguaticss it has 8o far proves impossible
t0 daternine solutiens directly in terms of the sources other tham by
approximation techaiques. We propose here s means of cbtalning
asywptotieally exact solutions at large distasces from the source and
in addition 4 means of ideatifying the momantes of the source.



The Nature of Sources of a Uravitatiomal Field

Although the prime consideratios in this paper vwill be the spplica-
tion of some mew techuniques (arising from o simple cbservation) to the
usterstanding and imterpretetion of the gravitatiomal field, the techalques
will first be illustrated by spplication to the Maxwell field. It uu;
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tensor and the Riemann temsor which aids in the solution of the gravitatiomal
- equaticss and which suggests a physical interpretation for functions erising
in thase solutioms.

The starting point of the investigation is the ¢bservation that
a veetor field, no matter hov complicated, can appesr simple by an
sppropriate choice of the basis system by which the vector is represented.
Yor axemple, consider an orthoncrmal trisd of vectors in three dimsnsions,
whare the first vecter is always takez parallel %o the arbitrary vector
£i014 A. With respect to this basis A 1is represented by (A,0,0), A = |A].
A similar observation applies to tensors, eo.g. a satrix represented in
terms of its own eigenvectors will be particularly simple. The
dimensicuality of the space is arditrary.

It s vell knovn() that there are algsbraieally tvo differest
types of elsctromagnetic fields, wnll fields and nos-mull fields. The
forwer is charscterised by the veflshing of the eigeavelues of the
Mexvell temser ¥, 1.e. 2 - 3% . 2.3 = 0, the latter by the non-ventshing
of at loast ane of the eigenvalues. 7The non-mull case is far more common
and hence is the more important of the twe. mmmnrwmm:
fmnmmm;;womruxaﬂm.mmmemm
{1inear -mmmém of two real space-1like vectors) and alse mull. It is
clear that with respect to this basis the 7, (or the ¥ and §) take o
sizmple form,



This suggests that possidly an sppropriste basis to be chosen to
study the Mexvell field should comsist of four limearly independent mull
vectars, two real ones, P and n¥, and two complex cnes, n and B¥ (W s
the complex conjugate of w), The components of ¥, vith respect to this
besis can be written as

Y
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plus the complex conjugstes. It is possidle 10 vrite down Mexvell's
equations in terms of these ¢'s{%) and the derivatives of the basis vecters.
Before attempting to solve these egquations, & choice must be mada for the
basis vectors; ihey can be chosen as the eigemveciors of ’W’ ia which
case $g = ¢g = 0, vith the result that the derivatives of the basis
vectors are in gemeral very complicated; or at the cther extreme all the
derivatives can be made zero with the result that the ¢'s are complicated.
It heappens that there exists a coupromise (actually wore than ose) which
yields » very useful set of equations. The compromise comsists of
cheosing e spatiel origia with a family of light cones, the vector f#
being tangent to the comes, and the other three vectors deing prapagated
perallel to themeelves along I, (Bee W)
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With this basis 1t 1s now possible to imtegrate the equations
for the 9's. The requiremsst that the source of the fisld be bounded
spatislly and that ve have retarded fields, leads to the result that ¢,
be of the arder r™3, (The field equations do not restrict ¢, at all on
one mull ccus.)

For simplicity ve vill assume

o
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Upon integration of half the field equations, ve obtain

.
o, = 3_ + 0(x"3)
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expressed cowpletely in terms of ¢,. ’fmtyg‘ (functicus of 6, ¢
and the t at the apex of the cone) are "constants® of integration. The
second balf of the field equations determimes the dspendence of ¢, and ¢,
on the retardsd time ¢ in terms of ‘z" Qa"' is given as an arbitrary
function of 6, ¢ and t. To summarise the results of the immtim, ve
have the following; $p is chosen arbitrarily on ome null cone subject
caly to being O(r~3), and the r dependemce of ¢, and ¢, follows by explicit
integration. The leading term in ¢, 1.0, ‘z", can be chosen as an
arbitrary function of &, ¢ and t. The t dependence of ¢, and ¢, follows
from that of ¢,°. This constitutes a solution of the mull or characteristic
initial value problem for Maxwell theory. It should be noted that physically
the arbitrariness in §,° corresponds to the arbitrariness of the news or
information sent out by a broadeasting station.

In order to have a better understanding of this formalism and the
physicsl meaning of the ¢'s, it is useful to express vell known selutions
in terms of the ¢'s. The Coulcud or monopole field is thus
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The statie dipole field is given by
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where & resl and imaginary p are, respectively, the electric and magnetic
dipols soments, The time-dependent dipele field is
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vith the same meening es ebove for p. Note that the leading ters in ¢,
gives the well known result that the radiation field is proportiomal te
the second time darivetive of the dipele mowemt. Similar results hold
for arbitrary multipole fislds.

In the study of the gravitational field, the Riemann temsor is
the guentity vhich vill be taken as snalogous to the Maxwell field temser
rm,. In gemeral there are twenty independent compoments of the Riemann
umw. If, however, ve restrict ourselves to the case where the
Binstein empty-space equations n’w » 0 hold, ve are left with ten indspendent
eouponents,. We can define five complex components of the Riemamn tensor

(enalagous to the ¢'s) with respect t0 the same typs of basis that vas



used in the Maxwell case, as follows:
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These five Y's satisfy eight differeatial equations(?) (tne so-
called Manchi Identities) vhich are very similer iu form to the
equations for the ¢'s. It is poesidble to make a choice of tetrad and
coordiastes ¥, G,  and & retarded time t, again similer to that used in
mmnm, that allovs one to solve the equations in the
asyaptetic region of large r.(2):(3) por bounsea seurces ¥, must ve
taken as O0(r"5). The ti#t four equations can them be imtegrated with
the result

v,° »,
YQ ™ -rg-!- + 0(r™%)
ne o, o(x"?)
°
Y, = 5— + G(r'k)

LA N s

¥ .
tk..._.} +0(r %) .

The second four equaticas yield the time dependence n‘d‘!e. '1’
¥y and ¥y, all in terns of ¥,%. The imitial value date is them seen to



be ¥, & & function of r, & and ¢ on one come and ¥,° as & function of

6, ¢ and t. This constitutes & solutiom of the oull or charscteristic
initial value problem for the Einstein theory of gravitation. 7The meaning
Goe gives to the arbitrariness of 7,9, 1s that it constitutes the "nevs”
from the gravitational broadeasting station.

The sultipole moments in electrodynamics are defined in terms of
the charge-current distridution. For & givea charge-curreat distridution
the Maxvell squations can be integrated and the solutions stated in ternw
of the essociated moments. The analogous procedure can not be followed
in the theory of relativity due t0 the extreme non-limearity of the field
egquations and the consegquent difficulties of integrating from the source
to infinity. HNermally the reverse procedure is follewed; o solution of
the field squations is found, then a guess is made about the nature of
the source. (The guess is frequently a good ome, based om studies of the
sysmatries and other properties of the solution.) It is clear that a
definite preseription for deciding on the mature of the source of the
gravitationsl field would be of grest value. We here propose ose for
the case of staticoary fields. (The general prescriptiom for arbitrary
tias Gepondemt £1al4s, vhish will be gives sdsaviiene, ™) 4o net very
different. ) | -
© ¥he nonopele mement or mase is given by the resl part of ¥,°.

The mass dipole moment and the angular momentum are propertional to the
resl and imaginary parts respectively, of ¥,% The quadrupole and higher
mouents are cbtaimed from the coefficient of the ">, r™5, ste. terms 1a ¥,

The reason the multipole moments are defined in this fashion is
th!'«fm If we integrate the linearised Einstein equations with
- sources, the moments, definmed from the sources, enter into the solutioms
as :h; our definition., The second reason is given simply through the



the remarkable analogy between the Maxwell and Einstein equations, the
type of initial date to be chosen in both theories, the similerity of the
ssymptotic behavior of the ¢'s and ¥'s and {not shown in this paper) the
similarity betveen the transformation properties of the ¢'s and the ¥'s,
It is therefore ressonsble to suppose that the moments can be defined
sinmilarly. The last reason is that this definiticn cemforms with that
obtained from the study of the symmetry properties of special sclutions.
For exampls, ¥, 15 the mass in the Schvarsschild or moncpole (spherically
symmetric) solution, the other moments being sero., A study of the
symmetries and singularities of Kerr's spimning particle solution allovs
us to consistently interpret the imaginary part of ¥,° as the sngular
momentum and the real part of ¥,° as the mass quadrupols of the seurce, (%)
At present an amalysis of many other solutiens, imcluding the
Veyl-Levi-Civita solutions, 1s being carried cut using these definitions.

Acknovledgnent

The suthor wishes to thask R. Penrose, 1. Robineon, A. Trautman,
R. Bechs, T. Unti. B. Torrence, P. Stehle and many cthers vho over the
past fow years stimulated much of the research presented here. He u'
particularly indebted to A. Janis.

References
1. Synge, Relativity, the General Theory, North Holland Publishing Co.
2. 2. Nevman and R, Penrose, J. Math. Phys. 3, 566 (1962).
3. B. Newmsn and 7. Unti, J. Nath. Phys. 3, 891 (1962).
&, A. Janis spd R. Newman (to de published).
5. B. Newwan and A. Janis, A Note ou the Kerr Metric, (to be published).



Biogrsphical Sketeh

of
Ezra T. Newvman
BN - (etober 1529 in N.Y.C.
DEGREES « B.A. 1951, M.Y.U.

Fr.D. 1956, Syracuse University
TRESIS SUBJECT ~ General Theory of Relativity

EMPLOYMEND

L

Instructor, Assistant Professor, Assoclate
Professor, University of Pittsburgh

IRAVE OF AMSENCE -~ Byrscuse University 1960-61
University of london, Kings College 1964-65

NMAJOR BUBJECT OF RESEARCE - Thegry of Gravitational Radistiom





