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The Isotropy of the Universe

Ce W, Misner

Dicke's conoeption1) of primordial blackbody radiation not only allowed
5)

for the interpretationz) and publication of data confirming”’ its existence,

4-7)

but with these observations there has

-15)

and led to further observations,

come new life and order into theorie58 of the early epochs of our

universe ten billion years in the past. The most accurate observations16)
of this radiation concern its isotropy and show that the radiation coming
from various different directions all has the same temperature to within 17 .
As the most accurate observational datum in cosmology this measurement surely
deserves a better explanation than is provided by the postulate that the
universe from the beginning was remarkably symmetric., We shall attempt to
provide some explanation here, in a preliminary way, subject to severe
limitations on the complexity of the conditions we are capable of describing
in the early epochs.

The traditional problem of relativistic cosmology has been to collect
and correlate sufficient observational data to be able to distinguish among
the small number of homogeneous and isotropic cosmological solutions of
Einstein's equations. &lthough this problem is not yet solved we propose that
a beginning be made on a wider problem which might show relativistic cosmology

to be a theory with some predictive as well as descriptive value. We propose

that rather few assumptions, some supported by observational data, might be



sufficient to provide a theoretical explanation of whatever degree of
homogeniety and isotropy of the universe the observations may eventually
reveal, To illustrate this line of research we make what we hope will turn
out to be unnecessarily strong assumptions about the universe, and derive
from them the result that the blackbody radiation now should be isotropic

to better than 1€7D . Our main assumptions are 1) Einstein's equations,

2) primordial thermal neutrinos as well as photons, 3) a p = % € perfect

O11 °x , the_thermal n meson

fluid description of matter .dbove - ~1
threshold, 4) a weak assumption about the initial anisotropy, and 5) a
universe with the same homogeniety as the closed Friedmann model., Of these
assumptions we would hope that (5) could be drastically weakened by
techniques as yet unknown, while (3) is primarily a convenience except that
p = & would require (4) to be strengthened somewhat, Agsumption (4) is
stated below, and the force of our argument evidently depends critically on
the "weakness" of this assumption.

The metric for these cosmological models depends on a length R(t)
giving the volume of the universe, and a trace-less symmetric matrix
describing its anisotropy (ratio of different principle diameters). The
Einstein equations show R(t) governed by a Friedmann-like equation which
now contains "anisotropy energy" terms added to the usual matter and radiation
energy density terms, while £ is found to perform oscillations in a time-
dependent potential well., Above ’V1O11 °k  our perfect fluid assumption
leads to no direct coﬁpling between the radiation and the anisotropy coordinate

B, and the [ potential well is weak except at extreme values of f . But

for these large amplitude £ oscillations we find an adiabatic invariant



which shows that the anisotropy energy decreases faster (by a factor R2 )
than the matter-radiation energy. For more modest anisotropy amplitudes
(diameter ratios < 105 s 1) we show only that this amplitude does not increase,
As these models have an infinite expansion from an initial singularity
at’ R(o) = 0, we think there is some sense in a claim that "most'" of these
homogeneous cosmologies will show the anisoitropy energy to have been reduced

11
below its range of rapid decreases before any given epoch such as 10 °k R

so.that we need only admit "modest" 105 : 1 anisotropy at that epoch. This

is then our assumption (4) above.

We overlook the viscous damping17)of anisotropy by the long neutrino meun
free paths during the transition period from 1O11 to 1010 ok , except to
assume that it will result in the anisotropy of the neutrino mgomentum
distribution being in step with the anisotropy of the geometry so both could
vanish simultaneously.

During the expansion phase below 1010 °k when the neutrinos are
collisionless, there can be large anisotropic stresses in TCLB , and the £
oscillations are strongly coupled to the neutrino radiation and are sufficiently
rapid that once again an adiabatic invariant controls their amplitude, We
then find a decrease of anisotropy energy faster (by at least a factor R )
than the decrease of radiation energy, and thet a diameter ratio of 105 H

at 1010 °K is reduced to 1,01 3 1 already at 1O4 °k . This is adequate

0.

to explain the < 17/ anisotropy now when T = 3 K.

)
The most novel element in our model is the neutrino stress tensor. The

homogeniety of the universe provides enough first integrals of the geodesic



equation to give a relatively simple description of the momentum distribution
and resultant stresses in homogeneous collisionless radiation, For a

homogeneous metric we take

~ :
d32 = - dt2 + R2(t>(62P)abo”a =P (1)

where ﬁab(t) is a trace-less symmetric matrix and o % are three well known

differential 1-forms on Sj satisfying do’1 = 0’2A 6'3

and its cyclic
permutations, The % are invariant under transformations generated by
three vector fields with "angular momentum" commutation relations which
become Killing vectors of d52 . For collisionless radiation which is
homogeneous in space and which has a standard Planck thermal spectrum when
gab = 0 we then find

0 - o g4 1 + V. (p) (2)

-

4

Here the first factor is the standard aT’ of isotropic radiation, and the

second term gives the internal energy that would be supplied by adiabatically

increasing pab from zero while holding R constant, The detailed

<Ln (e” B>ab b > -1 (3)
e

where < )Q“ indicates the standard Euclidean angle average over unit vectors

computations give

n satisfying nn =1 . BEvidently V, (0) = 0, and one finds that this

(&

is the unique stationary point of Vi/(ﬁ) and that V.  is positive definite.
For small £ one has

T, =75 Bufay + OF) (4)

%



while for large {2 one has

l l n ~ ;3 _ \
Vi 73 “Xp/ (% Parfap ) J -1 (5

It is not necessary to carry out a similarly detailed study of the Tij

because one can establish the formula

~
-

3
-g)" T, =2 ——
(-e)" Ty Dt

| i oo |
L (-7 | (6)
In the preceeding discussion Ta@ referred only to collisimnless

radiation. In the cosmological models we wish to discuss,a more general

form is assumed where

T = 2 B4+ ) R‘4(1 + V. ) + nR™2 (7

The first texrm here represents collision dominated radiation, the sccond

represents collisionless radiation, and the third is pressurec-free matter

(dust). Each of 2, , &, end m is constant.

/-

In writing the Einstein equations for the metric (1) we will assume
that £ 1is diagonal. ,fAmong the solutions with two diagonal elements equal
are the Taub18’19) universe with TOLB = 0 and the Behr20) numerical solutions

with a o = 0=a 7, . { The Einstein equations fall into four groups: i)

the equation O = T ; which our oF satisfies, ii) a T°° equation

giving R , iii) cquations for ﬁab

a Tkk equation related to ii) and iii) by Bianchi identities., This system

. . i .
involving T , - 3 gakak and iv)

becomes manageable when we find that the @ab equations can be restated by

varying ﬁab in the action integral I = {ALdt where



L

_1 038
8nl =5 R” P fy

-1
- RVg(;’i) -8ma,, B V, () (8)
The positive definite function Vg(ﬁ) is defined by
o -
Vg(ﬁ) =1I tr(e‘“’ -2 1) (9)

where tr forms the trace of the indicated matrix (which we continuc to
assume is diagonal), Because the Lagrangian (8) contains explicit time

dependence through R(t). the corresponding Hamiltonian

8nh=3§R3ﬁ

bPap T RVg(('}) + 8ma, gy (B) (10)

v
is not conserved. Its time derivative is,; however,; easily computed from
dh/dt = -~ 51/ &t and this equation plays an important role in our analysis.

Evidently dh/dt contains a factor R , so that when this factor is cancelled

from the time derivative of the T°° equation

‘2 8n -2 ._1,-17_1_
3_3 [(ay—kav)R + mR +nRMl = -7 (1)

one obtains the equation (iv) for é..

The quentity W) which enters Eq. (11) on exactly the same footing
as the "isotropic" contributions to the energy density 7°° , namely
(a/y. + ay, )R—4 and mR2 , we will call the "density of anisotropy energy"
or simply the anisotropy cenergy.

To apply the preceeding equations to models of the universe we make

estimates of the constants involved as follows ( G =c¢ = 1)

a-, =5x1014 ly
! (12)
aZ/ =4a,),.
n=10° gn =10 1y



and have

RL, =3 ly (13)
where 10— T/1O °k . These values are appropriate from 105 °k  to
10'% %% and correspond to T ow =3 % , (RE" ) now ~(10' %77,
(mE™ >now ;;10-29 gm/om5 .
At temperatures above 1011 °k  where a,, = 0 (neutrinos collision
dominated) we compute dh/dt = -~ &L/t from Eg. (8) to find
auh = - (R )BR £,,) + (RTRY, : (14)

The equivalent equation

grd(hE™1) /dt = - 2§Réai (15)

whows hR_1 to be non-increasing during any expansion., Now at a turning

. e I o) : : . _ =1
point B of a f oscillation where £, =0, g(ﬁmax) = 87hR , SO

we have shown that the amplitude of a £ oscillation can never increase.

For large amplitude £ oscillations we do better, for then the £ oscillations

are limited by sharp collisions with the exponential walls of the potential

Vg and on a time average over the [ oscillations one has

BEECIN >/RV D) (16)

{_8mh 5 ab// g /

\.

N
z\'al~x

~ /3
SN

Thus FEg.(14) yields an adiabatic invariant

h = KR’ = const (17)



when one tokes this average, Whenever this adiabatic approximation is

valid then, the anisotropy energy hR‘B”—‘-’ hOR_6 decreases much faster than

the fluid energy a., g4, This rapid decrease stops when wg < wp (which
is the opposite of the adiabatic assumption) where wp = R gives the
expansion time scale and wﬁ gives the time scale for collisions of the @ab
coordinates with the walls of the Vg potential, Thus

g = vg‘1 {rg z4p =Py (18)
where we have used the large 2 asymptotic form Vg,v% eMB and have taken
a typical ,’3 value from &2 R’ ':v"'RVg . Rather than analyse the complicated
transition region 1010 °k o 1012 °k where neutrinos are becoming
collisionless, we simply accept the 1limit wﬁ < wp from a, = 0 theory

o10 0.,

even at 1 K which should be a considerable overestimate, It xeads

« T

i 1 8ﬂ: -'2 e 1
? —_ =-— g 4 =
;,\<41n(3 o, R ) 8.4 +%In T, . (19)
In the next expansion phase, below 1010 °x s where az ;4 0, we
- - ~-14
neglect RVg compared to a, I 1Vv since their ratio ay. 1R2 =2x10 L x
-2 Lo .
10 is small above 107 "K , Averaging the h equation again leads to

2

adiabatic invariants showing that (V ~~ hR decreases as R~ when

Z )max
P oscillations are large enough to see hard (exponential) walls for the V Y
potential, or only as R ! for small £ where VV is gquadratic. But

these small oscillations are not safely adiabatic at first glance since their

frequency u)g satisfies



W. Q. + a-,
R 2 ®_ ) _ 25 ,
2 5 T = 55 ~1 (20)

Under these small oscillation conditions however, h 1is negligible in Eq.(11);
and above 105 °k s0 is m , giving RAt—E = (32n/3)(11/4)a9f « Then

each of the two f oscillations modes satisfies

T ST (=)

which has the solution

1 3
p = (8/8,)" T sin | (- 17 )% 1n (t/t0) | (22)
L -

-

S Y
Nk

1— -
showing that 92 o<t ° aR ! as was predicted by the adiabatic law, which we

8.4 _ 434

therefore accept, Now start from V;,Qf%e corresponding to

4

B = 8.4QTT1O =1 , reduce this by the R2 law to VL‘ =1 at 10—1'7 y

Gy

Lo

and then by the B law to V. =5x 1072 ot 107, With V, A % B2

Lo =
this then gives ]ﬁf .01 at 104 °K as desired, In addition to neglecting

010 o-

viscous reductions in hR—3 above 1 K , we have also not bothered to

argue that h (not ﬁmax) is conserved as 8, changes, so our present
limit on P could be reduced by morethan an order of magnitude in a lengthier

treatment of the problem.
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The Isotropy of the Universe

Charles W. Misner

The cosmic blackbody (BOK) radiation which is assumed to originate in
the early epochs of a "hot big bang" cosmology has been observed to have
remarkably little anisotropy ( < 17; ). We seek to "explain" this observation,
which is the most accurate cosmological datum known, within relativistic
cosmology theory. A new lLagrangian technique for studying homogeneous
cosmological models allows us to discuss, analytically, solutions of greater
complexity than were previously manageable. We find that the neutrinos which
should also be thermally produced early in the big bang have important
gravitational effects once they become collisionless, due to the large
anisotropic stresses they can develop in an anisotropically expanding universe.
In conjunction with the overall expansion these neutrino restoring forces
can reduce the anisotropy (expansion ratio in different directions) from
105:1 Just before neutrino collisions cease to less than 1.01:1 Dbefore
photon scattering stops, and there are additional mechanisms which should

make the reduction in anisotropy even more dramatic.



Name:

CURRICULUM VITAE

Charles W. Misner

Personal Data: Born June 13, 1932, Jackson, Michigan, Married, four children.

Present Position: Professor of Fhysics, Dept. of Physics & Astronomy,

Degrees:

University of Maryland.

B. 8., 1952, University of Notre Dame
M.As, 1954, Princeton University
Ph,D., 1957, Princeton University

Experience in Higher Education:

1956-59
1959-63
1963-66

Instructor, Physics Department, Princeton University
Assistant Professor, Physics Department, Princeton University

Associate Professor, Department of Physics & Astronomy, University
of Maryland

1966~present Professor, Department of Physics & Astronomy, University of

Maryland,

Visitor: 1966-67 Department of Applied Mathematics and Theoretical
Physics, Cambridge University, England

1960 (spring term) Department of Physics, Brandeis University,
Waltham, Massachusetts

1959 (spring and summer) Institute for Theoretical Physics,
Copenhagen, Denmark

1956 (spring and summer) Institute for Theoretical Physics,
Leiden, The Netherlands '

Honors and Awards:

National Science Foundation Senior Postdoctoral Fellowship 1966-67

Maryland Academy of Sciences Award: Maryland's Outstanding Young
Scientist of 1965

Science Centennial Award, University of Notre Dame, 1965
Alfred P. Sloan Research Fellowship, 1958-1962

Junior Fellowship, Harvard Society of Fellows: (appointment deeclined)
1957

Higgins Research Instructorship, Princeton University, 1956-1957
Proctor Fellow, Princeton University, 1954-1956

N.S.F. Predoctoral Fellow 1953-54 and 1955-56



Professional Activities:

American Physical Society member

American Mathematical Society member

Mathematical Reviews reviewer

Referee to various journals

Lecturer, Les Houches Summer School of Theoretical Physies, 1963

Member of Organizing Committee for American Mathematical
Society Summer Seminars in 1962 and 1965

Consultant to the Lawrence Radiation Laboratory, Livermore, Calif,
Washington Academy of Sciences fellow
| Maryland Academy of Sciences member
American Association for the Advancement of Science member
Sigma Xi member

American Association of University Professors member

Selected Publications:

Dissertation

FEYNMANN QUANTIZATION OF GENERAL RELATIVITY, Rev. Mod. Phys. 29: 1497, 1957.

RELATIVITY AND TOPOLOGY

GEOMETRODYNAMICS, with J. A. Wheeler, Ann. Phys, (N. Y.) 2: 525, 1957.
WORMHOLE INITIAL CONDITIONS, Phys. Rev. 118: 1110, 1960.

THE METHOD OF IMAGES IN GEOMETROSTATICS, Ann. Phys. 24: 102, 1963
DIFFERENTIAL GEOMETRY AND DIFFERENTIAL TOPOLOGY, In Relativity, Bpoeups and

Topology « Les Houches 1963, eds. C. DeWitt and B, DeWitt, Gordon and Breach,
New York, 196L.



Canonical Formalism for Relativity

CANONICAL ANALYSIS OF GENERAL REIATIVITY, with R. Arnowitt and S. Deser.
In Recent Development in General Relativity, Pergamon Press, New York,
1962,

WAVES, NEWTONIAN FIEIDS, AND COCRDINATE FUNCTIONS, In Proceedings on Theory
of Gravitation, ed. L., Infeld, Gauthier~Villars, Paris, 1964.

Mathematical Cosmology

THE FLATTER REGIONS OF NEWMAN, UNTI, AND TAMBURINO'S GENERALIZED SCHWARZSCHILD
SPACE, J. Math, Phys. 6: 924, 1963.

Gravitational-Collapse

REIATIVISITIC EQUATIONS FOR ADIABATIC, SPHERICAILY SYMMETRIC GRAVITATIONAL
COLLAPSE, with David H., Sharp, Phy. Rev. 136: B571, 196k,

OBSERVER-TIME AS A COORDINATE IN RELATIVISTIC SPHERICAL HYDRODYNAMICS,
with Walter U, Hernandez, Jr., Astrophysical Journal, 143: 1966,





