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Summary

A new class of gravitational antennas that utilize the general relati-
vistic Sagnac effect is proposed. These antennas are more efficient than the
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Weber bar by a factor of (c/vs)am 107", where Vg is the velocity of sound in

the bar. A specific case of such an antenna consisting of a superfluid helium
Josephson interferometer is considered. A general relativistic theory of the
interaction of the superfluid with the gravitational field is given. Using
this theory, the phase shift due to a gravitational plane wave on one such
antenna is obtained. More generally, the proposed interferometer involves

the interplay of general relativity and quantum theory and affords the possi-
bility of testing general relativity in the laboratory at the quantum mechani-
cal l;v;l. The possibility of detecting gravitons, assuming nearly unit

coupling efficiency for the antenna, is explored.
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In this essay we propose a novel method of detecting and generating gra-
vitational waves which uses the general relativistic Sagnac effect,l—6 instead
of the tidal forces due to the gravitational waves. These antennas are fast
in thre sense that their time of response is of the order of only the time £/c
takén by the gravitational wave to pass over them, where £ is the typical
linear dimension of éhe antenna and c¢ is the velocity of light. Hence for a

cT _ A

wave of period T, 2< 5 =7 This is in contrast with the Weber bar where

the length of the bar is limited to sts-g, Ve being the velocity sound in
the bar. Since the efficiency of quadrupole antenna is proportional to 24,

the present type of detectors are more efficient than the Weber bar by the

factor

Such antennas can be‘classical or quantum mechanical. The quantum mechanical
antennas, however, rely on interference, with the phase shift being propor-
tional to the ratio of the size of the antenna 2 to the Compton wavelength
of the interfering particle, which makes it much larger than the corresponding
classical effect. For the special case of an antenna consisting of superfluid
in a tube wound in a closea-cgrvelwith‘;.iése;£;o; junction, whicg we shall
considef, there 1s an additional advantage due to the fact that since the super-
fluid has zero entropy and viscosity, once the gravitational energy is trans-
ferred to the fluid there is very little dissipation so that the process is
almost reversible. Such a Josephson interferometer, more generally speaking,
is exciting from an experimental point of view because it raises the possibility

of testing general relativity in the laboratory at the quantum mechanical level

" for the first time and from a theoretical point of view because it involves an

interplay of general relativity and quantum theory.



The essence of the relativistic Sagnac effect is illustrated by the fol-
lowing gedanken experiment. Consider a rigid disc with observers seated on
its circumference, facing outwards, and separated by infinitesimal distances.
All the observers, with the exception of a single observer 0, have agreed
thaf each will always synchronize his clock to agree with the clock of the
oﬁserver immediately to his left, while O's clock is allowed to run normally.
When the disc is at rest relative to a local inertial frame, there is no dif-
ference in the times of 0's clock and that of his neighbor on his left. How-
ever, if the disc begins to rotate then a time difference At between these
two observers begins to build up.7 If the rotation is uniform, then it is
clear that if a wave is split into two waves at 0, which are sent around the
disc in opposite directions, then the phase difference between them at their
arrival at 0 is A¢=2wAt where w is the common frequency of the beams at O,
relative to O.

But cleérly any device that enables synchronization‘of.clocks around a
rotating frame would enable its angular velocity to be measured very rapidly
even when the rotation is non-~uniform. Such a device is the phase of the wave
function of a massive particle. In the rest frame of the particle, the sur-
faces of constant phase have constant time, and the time and phase are related

by the Einstein-Planck 1aw8

(1)

mc2 = hv

Superfluid helium, for instance, which is described.by a macroscopic wave -
function, can therefore be used to test the Sagnac effect. This can be done
by placing superfluid helium in a toroidal tube with a Josephson junction,

i.e. a weak link at which ¢ vanishes and consequently the phase is not defined.

If the tube 1s now rotated together with superfluid then there would be a phase



&
difference A$ across the Josephson junction. It can then be shown that, analo-

gous to the Josephson current in superconductors,9 there must be a mass

current

I=1I. sin A¢ (2)

0

across the Josephson junction. The phase difference can now be determined by
measuring the recoil due to this current on the Josephson junction.lo |
The phase shift A¢ can also develop as a result of the application of a
gravitational field such as the Lense-Thirring field or a gravitational wave.
We shall compute this by using a general relativistic theory of interaction
of the superflﬁid with the gravitational field. At present, superfluid
described by an order parameter  or effective wave function which is assumed

to satisfy the phenomenological non-relativistic Gross-Pitaevskii equation.

A general relativistic generalization of this equation is

0 m2c2 2mg 2
s e lw]” v (3

h

where [j=guv Vu Vv, Vu being the covariant derivative guv the inverse of the
usual pseudo-Riemannian metric on space-time, 2wh is Planck's constant, m is

the mass of helium atom and g is a constant. The last term in (3) incorporates

the many body effects. Writing ¢ = a ei¢, a and ¢ are real, and vu = é%—b u¢

in the interior of the fluid, the real and imaginary parts of (3) are

Vv, =1+ f (a) (4)
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m is the Compton wavelength and

)

n2 -10
£ = [——=—] ~10 ""m is the coherence length) and
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. 2u
v =0,
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Hence in the W.K.B. approximation f(a) << 1.

Consider now, a tube filléd‘with superfluid helium, wound in a closed curve, and

interrupted by a Josephson. The phase difference across the Josephson junction is.

8 = 3= f v, ax (5)

where y is a closed curve through the tube beginning and ending at

the Josephson junction. Since y is in a multiply connected region, and y=0

at the junction, (5) need not be zero nor quantized. We shall assume that as
a result of the interaction between the apparatus and the superfluid, the
superfluid is dragged so that vi=p t¥ along a two-dimensional submanifold o
formed by propagating = closed curve y, going around the tube, along the inte-
gral curves of vu, where t" 1s the four-velocity field of the apparatus

(tutu=1). From (4), A=(1+f(a))%. Now choose a Fermi-normal coordinate sys-
y

tem around the world-line of the center of mass of the apparatus such that t
800-% Gou, i.e. the apparatus is quasi-rigid, with the particles constituting
the apparatus being at constant distances and angles from the center of mass.
We neglect the deviations atising_from tidal forces which are measured in the

Weber bar, because they are very slow compared with the Sagnac effect. 1In

this coordinate system, the contribution to A¢ from the gravitational pertur-

bation, can be shown, using (4) and (5) to be12
" me Lk i 2 2 3,
26 = Fh § Rogg X X di + 0(07) + 0(£7) + 0(hf) + 0(x") (6)

where h =g v being the Minkowski metric, R is the curvature tensor

o Sy pv’ p

and xz the spatial coordinates.13

Consider now as the apparatus, the gravitational antenna, which consists



of a tube containing superfluid helium, wound around N times in the

shape shown in Figure 1,14 so chosen because of the quadrupole nature of the
radiation. Suppose that a plane gravitational wave, with its plane of polari-
zation in the x-y plane and the.Qave vector in the z-direction, is incident

on the antenna in the x-z pl#ne as shown. The independent curvature components
of this wave near the center of mass in the chosen Fermi-normal coordinate

system, that are needed to compute (7) for this antenna are

2 '
=0 -z -
R A+ cos w(t - ), R 0.

oxXxz 2c2
It should be noted that the "magnetic" component Roxxz is as strong as the
"electric" components Roioj measured by tidal forces such as in the Weber bar.
If a, b<<ﬁ-(see Figure 1) then (6) yields

_ 2 m? a’ by

A¢G he A+ coswt | (7)

Expression (7) 1is the prototype for a whole class of antennas, both classical
1
and quantum mechanical, which have the general shape shown in Fig. 1. >
The Josephson current (2) in the antenna can be detected by the recoil

it produces at the Josephson junction which can be picked up by means of an

electromechanical transducer. For weak fields,
I(t) = I,86(¢) (8)

_ The linearity of (8) implies that the process of absorbing gravitational radia-

tion by our device can be reversed to produce gravitational radiation with the
same efficiency, which is close to unity, based on an analogy with electro-
magnetic antennas. Due to the coupling between the Josephson junction and

the metric, described by Eq. (8), the junction acquires a nonclassical coupling



mass
M_= I, L2n/h
in the limit L<<), where L is the length of the closed ?urve Y, i.e. that of
the tubing. This inertial mass is an extremely rigid mass due to the rapidity
with whiéh helium atoms are exchanged.16 Its sound speed is equal to the speed
of light. It should therefore be an efficient antenna for gravitational radiation.
Communication by gravitational radiation should therefore be possible. If
gravitational waves can be produced with the appreciabie intensity, a very
important experiment would be to observe the effects of interfering two
gravitational waves.
An antenna for 10 MHz described in Figure 1, can be constructed with two
sets of 3000 turns of tubing of opposite senses on two 100 cm diameter drums
placed side by side. The upper frequency limit for this interferometer is
that for the Josephson effect, or approximately 2x1011 Hz.
The linear dependence of the phase shift of the interferometer on A cosuwt,
which is a measurement of amplitude and phase of the gravitational plane wave
given by Equation (7), has some interesting implications.l7 When the number
of gravitons 1s very large, the semi-classical approximation used in deriving

these equations is appropriate. However, there exists an uncertainty principle

relating the fluctuations in graviton number 6N and in the phase 6% of a plane

wave given'by
SN 60 > 1. | (9)

Now a measurement of the Sagnac phase shift constitutes a measurement simul-
taneously of the amplitude and the phase of the gravitational wave. Therefore,
fluctuations will be induced in the gravitational wave, which are intimately
connected to fluctuations in the motion of the Josephson junction, assuming

unit coupling efficiency between the two, which is a good approximation in the
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preéent case. These fluctuations are due to spontaneous emission of gravitons

from the apparatus. Experimental‘observation of an increase of noise over that
of the zero-point motion of a Josephson junction due to the presence of another
nearby spontaneously emitting antenna would constitute detection of the gravi-

ton. Radio frequency amplifiers, such as masers whose noise is limited to

zero-point fluctuations when coupled with nearly unit efficiency to the antenna,

should allow such an observation.
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Figure 1

- A schematic representation of the "figure-eight" superfluid gravitational
antenna. The arrows indicate the direction in which vorticity is set up in
the apparatus, which is then transferred to the superfluid when a plane
polarized gravitational wave, with its wavevector in the z-direction passes

the apparatus. x denotes the Josephson junction. When 2b=half wave-length,

the antenna is ideally tuned.



