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Abstract

In this essay it is proved that there are black holes that are dangerously cold. In particular, by

analyzing the emission spectra of highly charged black holes we reveal the fact that near-extremal

black holes whose Bekenstein-Hawking temperatures lie in the regime TBH . m6
e/e

3 may turn

into horizonless naked singularities, thus violating the cosmic censorship principle, if they emit

a photon with the characteristic thermal energy ω = O(TBH) [here {me, e} are respectively the

proper mass and the electric charge of the electron, the lightest charged particle]. We therefore

raise here the conjecture that, in the yet unknown quantum theory of gravity, the temperatures

of well behaved black-hole spacetimes are fundamentally bounded from below by the relation

TBH & m6
e/e

3.
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Introduction

The mathematically elegant singularity theorems of Hawking and Penrose [1, 2] have

questioned the utility of Einstein’s theory of general relativity in describing gravitational

phenomena in highly curved spacetimes. In particular, the Einstein field equations are

known to lose their predictive power in the presence of infinitely curved regions that contain

spacetime singularities.

Following this intriguing observation and in order to guarantee the deterministic nature of

a self-consistent theory of gravity, Penrose conjectured that a mysterious (and diligent) “cos-

mic censor” protects far away observers from being exposed to the pathological properties

of spacetime singularities [2]. This physically important principle asserts, in particular, that

spacetime singularities are always hidden inside of black holes with stable shielding horizons.

If true, the cosmic censorship principle would guarantee that we live in a spacetime region

in which general relativity is a self-consistent theory of gravity [2].

The most studied curved spacetime in the physics literature, the Kerr-Newman spacetime,

describes a black hole of mass M , electric charge Q, and angular momentum J = Ma that

contains an hidden singularity. The characteristic inequality (we use natural Planck units

in which G = c = ~ = kB = 4πε0 = 1) [3, 4]

M2 −Q2 − a2 ≥ 0 (1)

provides a necessary condition for the existence of an engulfing event horizon that protects

far away observers from being exposed to this inner spacetime singularity. Extremal black-

hole configurations, which satisfy the critical relation M2−Q2− a2 = 0, are on the verge of

exposing their inner singularities.

In the present essay we shall explicitly prove that well behaved charged black holes

that respect the condition (1) may turn into horizonless naked singularities that violate

the cosmic censorship principle if they quantum mechanically emit massless photons whose

characteristic energies are of the same order of magnitude as the thermal energy of the black

hole.
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Hawking evaporation of near-extremal charged black holes

We shall now analyze the physical and mathematical properties of the Hawking emission

spectra of near-extremal charged black holes whose Hawking-Bekenstein temperatures are

characterized by the strong dimensionless inequality [5, 6]

ε ≡ 2πMTBH =
M(M2 −Q2)1/2

[M + (M2 −Q2)1/2]2
� 1 . (2)

The emission rate of neutral bosonic fields from the black hole is given by the familiar

Hawking relation [6]
dN

dt
=

1

2π

∑
l,m

∫ ∞
0

Slm(ω)

eω/TBH − 1
dω , (3)

where {l,m} are the spheroidal and azimuthal angular harmonic indices of the radiated

field mode. The partial back-scattering of the emitted fields by the effective curvature-

centrifugal barrier outside the black hole is encoded in the energy-dependent absorption

probability factor Slm(ω) [6].

Interestingly, and most importantly for our analysis, it has been explicitly proved in [7]

that the l-dependent centrifugal barrier outside the black hole mainly affects (blocks) the

propagation of high-l modes. Thus, the Hawking spectra of spherically symmetric large-

mass black holes [8] are dominated by the emission of massless field modes with the smallest

known angular momentum: namely, by electromagnetic field quanta with l = 1 [9].

The appearance of both a thermal factor (eω/TBH − 1)−1 and an absorption factor Slm(ω)

in the black-hole emission formula (3) implies that the radiation spectrum has a well defined

peak which is characterized by the relation (below we shall determine the exact value of the

dimensionless ratio ωpeak/TBH)

ωpeak ∼ TBH � 1 . (4)

The energy-dependent absorption probability factor of the dominant electromagnetic field

mode with l = 1 is known in a closed analytical form in the characteristic regime (4) [7, 10]:

S1m(ν) =
256

9
ε8(4ν8 + 5ν6 + ν4) · [1 +O(νε)] , (5)

where we have used here the dimensionless frequency-temperature parameter

ν ≡ ω

4πTBH

. (6)
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Substituting the relation (5) into the integral expression (3) for the black-hole radiation

rate, one obtains the remarkably compact near-extremal relation [11]

dNγ

dt
=

512ε9

3πM

∫ ∞
0

N (ν)dν , (7)

where

N (ν) ≡ (1 + ν2)(1 + 4ν2)ν4

e4πν − 1
. (8)

From Eq. (8) one deduces that the emission spectra of black holes in the dimensionless

near-extremal regime (2) are characterized by a well defined peak at νpeak ' 0.399. Thus,

the characteristic energy of an emitted field quantum is given by the functional relation [see

Eq. (6)]

E = ω = νpeak · 4πTBH . (9)

The emission of neutral field modes from near-extremal black holes is dangerous from

the point of view of the cosmic censorship principle since it allows the emitting black hole

to reduce its mass without reducing its electric charge. The emission of neutral field quanta

therefore decreases the magnitude of the expression M2 −Q2 − a2 that appears in the nec-

essary condition (1) for the existence of a shielding horizon that protects far away observers

from being exposed to the pathological properties of the inner black-hole singularity.

In particular, the emission of a photon with the characteristic energy (9) and an azimuthal

angular momentum m (with |m| ∈ {0, 1}) produces a new spacetime configuration whose

physical parameters are characterized by the following relations:

Mnew = M − E ; Qnew = Q ; |a|new =
|m|

M − E
. (10)

Intriguingly, taking cognizance of the necessary condition (1) for the existence of a black-

hole horizon that covers the central singularity, one deduces from (9) and (10) that a near-

extremal black hole in the dimensionless low-temperature regime

TBH < T critical
BH ≡ C

πM3
(11)

with C ≡ νpeak +
√
ν2peak + 1/4 that emits a photon with the characteristic energy (9) and

angular momentum l = |m| = 1 leaves behind it an horizonless naked singularity that

violates the black-hole condition (1).
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Huge, cold black holes endanger the cosmic censorship principle

The intriguing conclusion that black holes in the regime (11) are too cold to respect

cosmic censorship is based on our assumption that the radiation spectra of near-extremal

black holes are dominated by the emission of neutral massless field modes (mainly by photons

with l = 1). In particular, since the physical parameters of the positron, the lightest charged

particle of the Standard Model, are characterized by the strong inequality e � me, even a

single positron emission would push a near-extremal black hole away from the dangerous

extremal limit by increasing its temperature (2).

As we shall now prove explicitly, there exists a critical black-hole mass, M = Mmin, above

which the radiation spectra of near-extremal black holes are dominated by the emission of

neutral massless field modes with the smallest known angular momentum (that is, by photons

with l = 1 [7]). Black holes in the near-extremal regime (11) with M > Mmin may evaporate

into horizonless naked singularities that violate the black-hole condition (1), thus violating

the cosmic censorship principle.

In order to determine the value of the critical black-hole mass Mmin, one may use the

relation [see Eqs. (2), (7), and (8)]

dNγ

dt
=

256ξ

π
·M8T 9

BH (12)

with ξ ≡ 8π4ζ(5) + 75π2ζ(7) + 210ζ(9) ' 1764.9 for the emission rate of neutral massless

photons with l = 1 from near-extremal black holes in the dimensionless regime (11). In

addition, one may use the fact that, in the regime 1�Mme � Qe� (Mme)
2, the emission

rate of charged field quanta (positrons) by near-extremal black holes is well approximated

by the Schwinger pair-production formula [7, 12, 13]

dNe+

dt
=

e3

2π3m2
e

· exp(−Ec/E+) , (13)

where E+ = Q/r2+ ' 1/Q is the electric field strength of the near-extremal black hole and

Ec = πm2
e/e is the critical electric field for quantum production of electron-positron pairs.

Our assumption that the emission spectrum of the near-extremal black hole with the

critical temperature (11) is dominated by neutral massless photons with l = 1 corresponds

to the relation
dNe+

dt
<
dNγ

dt
. (14)
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Taking cognizance of Eqs. (11), (12), and (13), one can express the inequality (14) in the

form (πm2
e

e
M
)19
· exp

(
− πm2

e

e
M
)
<

512ξC9

π8e2
·
(πm2

e

e

)20
, (15)

which yields the critical relation (note that, in natural Planck units, the physical parameters

of the positron are given by e ' 1/137.0361/2 and me ' 4.19 · 10−23)

M > Mmin ≡
e

πm2
e

· xmin ' 1.55× 1043 · xmin (16)

with xmin ' 2124.7 [14].

The Hawking radiation spectrum of the near-extremal black hole with the critical tem-

perature T critical
BH = C/πM3 [see Eq. (11)] is dominated, in the large-mass regime (16), by the

emission of neutral massless photons that endanger the integrity of the black-hole horizon.

Summary and discussion

The Penrose cosmic censorship principle asserts that general relativity is a deterministic

theory of gravity and that pathological spacetime singularities are always hidden inside of

black holes with stable shielding horizons [1, 2].

In the present essay we have explicitly proved that near-extremal (cold and large) black

holes may evaporate into naked singularities that violate the cosmic censorship principle. In

particular, taking cognizance of the analytically derived relations (11) and (16), one deduces

that the threat to the validity of the principle is limited to the extreme physical regime

TBH < T critical
BH =

C
πx3min

·
(πm2

e

e

)3
' 10−140 ' 10−108 ◦K (17)

of ultra-cold black holes.

Since we believe that cosmic censorship should be one of the cornerstones of a self-

consistent theory of gravity in curved spacetimes, we here raise the conjecture that, in

the yet unknown quantum theory of gravity, the temperatures of well behaved black-hole

spacetimes are fundamentally bounded from below by a relation of the form

TBH &
m6
e

e3
. (18)

If the lower bound (18) is indeed respected, then the emission of characteristic quanta from

near-extremal black holes would not endanger the validity of cosmic censorship, a princi-
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ple which is fundamentally important for a self-consistent formulation of the microscopic

quantum theory of gravity.
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