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GRAVITATIONAL WAVES
J. Weber, University of Maryland, College Park, Maryland

Abstract

Two methods are proposed for detection of graviﬁa~
tional waves. One is based on the fact that the space deriva~
tives of the fields of the waves give fise to motion of a
system of masses relative &o,each others Mechanicel resonance
or excitation of acoustic vibretions then enables detection to
be g¢eamplishe§; The se;ond method makes direct use of the
strains set up by the space derivatives of the wave field.
These strains nay resulﬁ in alectrié polarizatién in consequence
of the pieso electric effect, Eiectricél resonance is employed
and ascoustic vibrations are suppressed. Mathematical analysis
of the limitations is given. Under certain conditions at
least one component of the Riemann tensor can be measured.
These methods provide a much better way of detecting inter-
stellar gravitetional waves then interpretation of known
astronomical anomalies.

The generation of gravitational waves in the labora-
tory is discussed. A method 1s proposed and analyszed which
appears to give a sevent&ﬁn order increasse in radiatipn over

that of & spinning rod.
\



FPart 1
Detection of Gravitational Waves
Suppose we have Ltwo massey ml and mg, separated by

a spring (Figure 1). ‘Then, if a time dependent gravitetionsl
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Pigure 1

field is spplied which ig uniform over the apparatus, every
perticle will have the seme acceleration st any given tinme.
There is no reletive motion of @y and g, The situation is
different 1f a gravitationsl wave ig incident. The wave in-
tensity is netv uwniform in space and the phase at my is in
general different from the phase at Mo Relative notion of
i, is now possible with respect to . Therefore energy may
now be abstrscted from the wave.

Alternatively = solid block of crystalline meterinl

may be employed (Figure 2).

Pigure 2

The grevitational wave sets up compressionzl or shear
mode oscillations. A% resonsnce these may have large smpli-

tude and transfer snergy to other devices.



Ve employ Binstein's Genersl Theory of Relativity,

in the week field approximation. The metric tensor is given

by
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4UM is the lLorentz metric and / ﬁ‘,is a first order

quantity. The force per unit mass is obtalned fronm the

Christoffel symbol Z; y where to & first approximation

el . =h . (2)
The force per unit mass in the 1§ direction will
be denoted by fi, and
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In (3) ¢ is the speed of light. (%) follows directly

from the geodesic equation
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For gravitational waves radiated by an oscillating

linear mass quadrupole the relation between wave . power flow
fg is

per unlt area tcr and the squared force per unit mass g

givenl by

1 Rosen and Shamir, Reviews of lodern Physics 29, 429, July,

1957
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The relation (4) assumes that the frame is at rest
relative to the center of mass of the ogeillating quadrupole.
¢ is the constant ofﬁgravitatian, and tor is the component of
the stress energy pseudo tensor representing pover flow per
unit area.

Consider now the oscillator of Figure 1, driven by

a sinusoidsl gravitational wave with force

F=T e
r =T,
Let the position vectors of the masses be 31 and

5? and let their displacements be‘;l andjé?. The equations

of motion are
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In (6) D is a dissipation factor and k is the spring constant.

~

We subtract (6) from (5) and mske the substitution AL M

J
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~Let My = My = M, let 20 = R and 2k = K. We then obtain
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The total mechanical resistance is 0 o= Ri + Rg#

whare Hi is the internal resistance and Re is the extexfkl

resistence to which the apparatus is coupled. At resonance

the denominator of (8) reduces to iwR and the power which may

be transferred to an absorber 0f energy is
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(9) is a moximum when R@ = Ri. Let ?ﬁ be the maximum power,

then the use of expression (4) gives
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(10) may be written in bterms of the mechanical Q = %g, as
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The absorption cross section'implisd by (11) is de~

noted by %A where P
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Detalled enalysis shows that an upper limit is



reached by (12) when all internal damping is absent and the
external resistance is equal to the effect of the gravitational
radiation damping as the antenna oscillstes. In this case we

have

 — 1'% S
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where A im.a gravitational wave wavelength, related to B by
B =2%  The condition which led to (ioW) is realizable for s
radio antenna but not for a gravitational wave antenna becagse
the internsl damping is always many orders greater thén the
gravitational wave damping. The Q associsted with gravita=-
bional wave dauping exceeds lGQO. Practical devices will have
a Q(LlOé, in which case the absorption CROss section for a ..
practical antenna may approach 10‘12 émg.. While this is véry
sﬁall it appears good enough to try certain experiments to be
cutlined later.

If & continuous spectrum of radiation is incident

on the antenna th& power absorbed is given by
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Bvaluating (1%) by contour integration gives
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In (14) tar(we) is the power spectrum of the incident
gravitational flux in the vicinity of the apparatus resonant
frequency 9y

We consider now the excitation of & solid bleck of
naterisl (Figure 2). To simplify the discussion of ielative
motlons we imagine that one plane of the block of materisl
falls freely with the incident wave and we analyze asccelera-
tions relative to this plene. The equations of motion are
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In (15) ¥ is the appropriste elastic madulus,(o is the density,

R is a volume resistivity. The term R7L. takes losses into
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account. The right hend side of (1%) has the factor ;@ i
8 |

becruse accelerations are being measured relative to & plane

Y
within the apparatus. Let V; be the sound veloeity'sg‘, let

— o . . 2. .
the sound wavelength be ks, let ks X;“’ let o yru then

&

we define | = a + i ks and to a good approximetion the solution
of (15) may be written
£ - Aoy T - o [i-e /e (1e)
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In (16) B, iz the component of the gravitational
wave phase constant £ in the direction of propagation of the
acoustic (longitudinal) waves, and % is the acoustic wave

T

displacement. We now discuss two cases. In the first case



we encourage acoustic wave generation and arrange to have A
in (16) as large as possible. Making use of the boundary
condition that the acoustic pressure Y 5 { vsnishes at the
ends leads (for small R) to | |
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In (19) A is half the length of the block. The
largest value of (17) is reached at the first acoustic wave
res0nNANce , ksk w ?' The analysis of euuations (5) through
(14) must be replaced by the acoustic wave treatment when the
length of the spring approaches half an acoustic wavelength.
The pacing of the masses oy and oy corresponding roughly to
half an acoustic wavelength gives best performance. This is
an lmportant limitation because the gravitational wavelength
is much longer than the acoustic wavelength, and the effective
phase shift difference which drives the oscillator is very

small. Also the value of m for best performance is
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In (18) A,ls the cross sectional area of the block.
The acoustic wavelength limitations can be over=-
come and improved operation made possible under many conditions
in the following way. Choose the length or other d@menﬂions

of the block of crystal so that acoustic resonance vibrations



are not excited. Then the first verm of equation (16) is not

g .'i
importent. The wave will however induce a strain L given
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It is instructive to return, for a moment, to
fundementals. fxpression (19) may be written in terms of

the Christoffel symbols as

flore generally the strain tensor Gij will be given by
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The derivatives of the Christoffel symbols cannot
be transformed away over a region. The strains induced by”.
the gravitational wave are a real effect. We emphasize that
these strains sre due to relative motion of masses and are
very‘much preater than the effects due to changes in distance
between points resulting from the time dependent metric alone.

In a pilezo electric crystal a strain results in an

electric polarization Pii glven by

f 7 - K& ‘ | :
P« ¢ E (22)
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In (22) E?l-iﬁ the piezo electric stress tensor.

The electric polarizetion in (22) gives rise to an electrie
field over the erystal. Since scoustic vibrations are assumed

small, P does not chenge ite sign every half acoustic wave-

i
length. It can integrate to a large value, giving a terminal
voltage which can transmit power to an amplifier of weak

signals. For simplicity we assume thalt the crystal is polar-
ized in one direction only. Let V be the volume of the block

of crystalline material. Iet Q@ be the electrical circuit Q

defined by

Q = (Stored Energy) (23)
e TPower Dissipated

The power which the detector can deliver to an
agssociasted electric circuit is readily calculated using (21),
(4)y apd (22)., We assume that the piezo electric material
1s barium titanate. In this case the absorbed power P& is

given by
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In (24) w is again the angular frequency and -

is the incident gravitetional flux in ergé per 3quaré centi-

meter per second. For a continous spectrum of gravitational

radiation with power spectrum function tor (w) the power ab-

sorbed by an electric circult of resonant frequency W, may

be calculated using the contour integral method used earlier

and is (for barium titanate)
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In order %o detect the absorbed power given by (24),
(2%)s (11) and (14), smplification by electrical mesns is
necessary and the electricel fluctuation noise in the sntenna
and smplifier wust be considered. IFor synchronous debection
of the sinusoidal waves the power output of the detector

(expresgions (10) and (24)) must exceed the noise power Py

given by2
\J 4=
I Iy N ‘
NV (26)
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In (26) § is Planck's constant divided by 2 m, k
is Boltzmann's cpnstant, T is the gravitational asntenna  tempera-
ture snd N is the noise factor of the receiver which is ex-
pected to be less than @25§3 and more than l. ( is the aver=
aging time. For a cdntinu§us spectrum of gravitational radia-~

tion the power (expressions (14) and (25)) delivered by the

detector must exceed the noise power PN? given by2
'/ {
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2 R. H. Dicke Rev. Sci. Inst. 17, 268, 1946.



We are pleanning experiments te seareh for interstel=-

lar gravitational radiation using both methods deseribed here.
For the first method we use the earth itself as the block of
material constitubing the antenna. The earth's normal modes
(about 1 eyecle per hour) are excited by incident gravitational
~weves. This procedure is limited by the relatively low @ of
the earth and the high noise temperature of the earth's core.
The &pparatua of Pigure % is employed in the second method,

in which acoﬁstic oscillations of the crystal block are sup-
presged., Seérch at freguencies ~v 105 cycles per second is
plenned. The earth=rotatas the apparatus. T1f radiation is
incident from a particular direction it may be obgerved from
the diurnal change in amplifier noise output. The arrangement
of Figurg 4 will be used to search for isotropiec gravitational
radiation.

Use of the analysis given here predicts that gravi-
tatlional flux with a power spectrum tor(w):s 10-4'ergs/cm2
second cycle should be detectable. This is of the order pre=-
diected by certein cosmological theories.

The veloclity of propagation of gravitation waves
nuat be the speed of light. This follows from the sgreement
with experiment of the calculated advance in the peribhelion
of mercury, which employs ¢ for the propagetion velocity of
gravitational interactions. The apparatus described here

has & known resonant frequency, therefore it gives not only
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ﬁrvbut also the aee@nglayace and time derivatives of éfg,,
since the veloclty iz known to be ¢. If the foree vector of
the wave is found to be linearly polarised in the direection
xkytha measurements allow direct determinstion of the compon-
ent of the Hiewmann tensor Ekeko' |
Dirasc has suggested that astroncmical ?%gmaliaa

might be correlated with effects of gravitatiena} radiation.
We have snalyszed this possibility. If a gravitational wave
is incident on the earth ;the phase retardation effects give
rise to torques. For a conbinuous spectrum of gravibational
radistion this will cause an irregular flutter of the earth's
retation period. Detaliled mathematical analysis gives the
formula (for & body rotabting with angular velocity w)

T eswGlon

—~ = (28)
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In (28) fg le the mean squared fluctuation in the

earth's angular momentum, I is the angular momentum of rota-

0
tion, tgr is the total gravitational wave flux in erge gef
square cenbtimeter per second. If we arbitrarily sesume that
all the esrth's robational anomalies are due tc‘gravit&tianal
WAVES, tor ig caleulated to be 5 % 198 ergs per sqﬁare centi-
meter per second. It is clesr from this that the earth's
rotation is a poor detector. The other asbronomical snomslies

lead to larger figures.



Generation of Gravitational Waves
It would of course be very desirable if gravita-
tional waves could be generated in the laboratory. Tor a

spinning rod Einstein caleculated the rate of radiation to be

{ "N it f -
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Here I is the moment of inertia and w is the angu-
lar frequency. If we make w 80 large that the rod is about
to break up we find that the length of the rod is related to

the wavelength of sound Ks at the angular frequency of rupbure

by_

(20)

In (30) * is the maximum allowed strain for the given matarial,'
about 10”50 ergs per second csn thus be radisted by a one
meter rod.

. In the linear approximation the solutions of Binstein's
field equations are (at a point r centimeters from the radiator)
"l S h om 4 [ X (31)
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In (31) T;J is the stress energy tensor. (31) suggests that

an osillating stress energy tensor is one way to generate a

gravitational wave. This can be accomplished by electrically



driving a piezo electric crystal, Again we have a choice of

either making use of acoustic resonance or suppressing it.
If acoustic resonance is employed the length of each resonator
ié linited to a half acoustic wavelength for best results,
and this requires many small resonators, properly phased. It
appears bettér to suppress the resonance vibrations and create,
by the plezo electric effect, mechanical stresses which are
almost uniform over the crystal. Oingle large crystals may
then be used. These stresses can be made to oscillate har-
monically with time if the crystal is driven by a powerful
vacuum tube radiofrequency osclllator. Analysise shows that
the optimum crystal size 1s a cube each side of which is a
half gravitational wavelength long. The amplitude of the in~
duced stregses is limited by the tensile strength of the
crystal, Nxpression (31) enables us %o calculate the gravi-
tational 7ield radisted by the oscillating electric fleld
induced stresees. The stress energy pseudo tensor may then
be employed to directly calculate the radiated power PR given
by (for one crystal)

= G 0:"":" .’\ii (32)

3
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In (32) Pmax is the tensile strength in dynes per
sqﬁar@ centimeter, again A is the gravitational wave wavelength

and ¢ 1s the speed of light.



For example waves one meter long could be radiated by
a crystal fifty centimeters on a side. If driven Just below
the breaking point each crystal would radiate 10*{5 ergs each

Becond. This is about 107 gravitons per second (&t b # 2n x 10%).

Single detectors of the type considered earlier can detect a
flux of about 10"3 ergs per square centimeter per second. It
is apparent that a substantial gap still exists between what
can be generated and what can be detected in a small 1aboiatory.
Large numbers of radisting elements and a complex detection
array cen narrow this gap. The electrical power reguired to
drive each crystal unit is large, about 108 watts. This is not
béyqndzthe range of existing vacuum tubes, or means for cool-

ing the crystal.

Conclusion
- The detectors which have been proposed are suffi-
clently good to search for interstellar gravitational radiastion.
Further advances are required in order to generate and detect

gravitational waves in the laboratory.
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