GRAVITY AND THE KATURE OF FUKRDAMEWTAL PARTICLZS

Lloyd Feoltg

Sumwary

Up until the present timeé 1t hes not been possible %o
estadblish a ro]ationaﬁip Vetwveen the macroscopie gravitalional
theory and the proverties of fundamental particles, {I:imatsly,
howaver, 4f oneo 1f to attain a thoroungh understandiag c¢? grav!.
tetion it must be through a correct theory of the structure ef
the fundamental particles, For that rsasoen the present sssay is
devotéed to am analveis of thie point,

24nee thé macroscopic gravitational theory 13 basad upon
non-Yuclidean geometrias, onés may hope to acquire an understanding
of fandanental particles by & similar spprosch, In this esaay
the YWeyl théory of gmuge invariance id appiiec to obtaining 4
geometrical theory of elasciron® and protona, and 1{¢ l¢ wshown that
thcir structure osn be understood in terms of localized none

Euclidean geonetries,
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Intreduction

The purpocse of this asssy $s o preszent a nsw Ltheory of funda~
meantal particlsas which is a patural extensica of the Tinatsin gravie
tatlionsl theory end which at tho sawme Vtime schievae 8 unifioation of
slectromagrneiiss end gravitation slong the laines firs? piorposed by
Hermann Wevl and lstor extsnded by A8, Kddington(lz By making use
of the concepl of gawge invariance as Introduced by Weyl, wa shsll
se¢e that 4% is posanible to picture Tundamental particlee such as
sleetrons and proetouns in terms of iocalized rnen-Buclidesam menifcldsa
in which %the radius of curvature 18 of the order of the Compton
wave-longth for the partisular particle under consicderztion,

Tha great developmente suveoh as the apecial end the gansral
thesrise ¢f relativity thet have occurred in twentieth century
pheyics have bean the result of the extansion of the concept of
invariance to include manifolds derond thoees covered by the trens-
formations in c¢lassical physics, Thuse tha Xinsteinelorsnts trana-
formatione extended the notion of the invariance of Gelilean systenms
to four-dimensional manifolds in whizsh time as a fourth dizensien
was introduced on an egquel footing with the three dimsnsions of
space, The general theory went etill further by postulating the
invariencs of the space-time line element to the moszt gsneral typs
of trensformalion of coordinates and not just i¢ the Lorsnts group,
thus achiaving & synthasis of nen-Buclidean gaometry and gravitation
in the large,

Conzidering the avccesses of thess principles of invarlance, cone
would hbs naturally iaclined to obhtain a s8til)l greater unificstion of

the lawa of nature by extending the coancept of invariance still
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nat ne Gauss_mn curvate-~e Iin the nelghdorkood o & partirle 42 gilven
Ly tua raegiprocal of “ts Compton wave~length,

The Lerartis Posderrctive Poree

Tha aeyl theory of geuge invarisncase srcee wul of Lhe ~onsepl tost
lengthe at ¢17%araat places gannct he compared beacauvee cf Lhe 2hangs
of gacge that teker cleos as one moves from 2olnt Lo poin®t 1o A gpacie
vimg coutinunmg  fluce $he gaugse was sssamed to be deleruninsd by a
vactor fisle M & tumparieon of Jengthe 2¢ differcenl placss would be
apb.-iguous cocause the resalt of Lhe Comparison would dejpend on tha patk
taken in ¢olag ‘rom wre polat te the other, Although this tteery intro-
dusned & fouv-vester' . (1o he ident lled with the electromaghaiic vertor
petantial) Iinte ‘he descripiicn of the world guite returaily. tke nope
integrevility ¢ lsngth whicsh 1% brougit with 1% led L¢ apparently
inaurmcountavle Jifflculting concerming the siructure of stoms,

Trae "he ol jecticon wan ralsed thet sccording te the Wayl theery
the navuresl freguerncy of an 2tom at & point Iir spece-iime should depsnd
¢it the path the aom Sock to reachk that point, Thie zbfection was nmew
by introdu-ing the assumption that slibough leagihe ant fre;roncied rapsad
n tae pith taken, the ewflfgol 1s much e, smeli *0 Lo mearirable 3m sctual
chysical phenomena, Tnias, howvevrer, i nobt & aatisfsctory way sub of
thie difPleulry aince the ambigvity is 20411l present in the thegry, 12
iv pogeibie to ellainate this aabiguily withcol dustrcyiog thae coantent
n? Lhe Wayl theory by imposing the 1ondicticn that uiia s2ssurable phys . cal
dipaneions of a particle shall be fntegradbia alcag the path of ite
antion, We wnust ncove that thie 48 '8t (he ssame thlug &8 imposlag ihe
condivion thes the gauge? be irtegrublis along & path, Tiis lebter gen-ii.
tton 1w wuch tee veetrictlve and would rvesaltl &n “na venisgiang of the
curl ef the fovv.-vesher M 4 and hanoa te tie varighlng «f Zhe &lL80bL¥G-

megnstic T1ald 2o that aur theory would Le empty,
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The poseibliity of imposing irtegrability on Lhe physioally
meaningful dimensisng &cd yet nnt on the gauge arisss {rom ths fact
that the dimenmions must e Lreated e compliaex quantiiiss s bhat Lhaey
have & -itrery phaze fustors arscaisited with then, dince “umses pharss
nead rv b3 integrable, the gauge ¥ill not be ‘ntegrebisx either, witin
the v+ 7% thal ihe conteat of the Shsory will remsainm woile vke smblguity
is sliv nated, ¥We sbhall come badk to thaie pgoint in ovr dissuseion of
the c hr-fosmerfeld quantum condivienm, but nuw we skaell ecnsider what
congtceirts may s impored ou the mutica cf A particise witneal wedifylng
he ron-'ntavrab.lity of the gauge at nll,

‘o zae vhat wa must do we shell star® frem Woyl's fundomsntal
uasumniicn that 0 « length A g dieplaved from & point =, 3o & Asarky
point g + d¥,. ,ihen 1L 2efferz a4 changs 1o length dotermined by tas
couatbion

d log A =hu du (1)
nheroh;ilc & vector.fiald, Let us suppare row thaetl we have a pariticls
stich meves from esome polimt, Py, in our spsce~timo eomtinuum to senmae
‘ther potmt, P, elong ¢ physicaily permisslble pati, Whel censirain
1an we Ympose upen thils meticon thet will be phyeicelly signifisaac
«nd yet whiceh will net viclave ihe besic assumptlions of the Werl
theory? It g rewsonsble Po azsume that s particle will tsed e =stuiwm
its dimensiony in 20 far ss posaidieée a8 1t moves aloug iss pata, ¥e
akall therefsre imnpoees the conditise %hat the pertisie will weve alung
that pariieulser path cenneating thy ¢nd poihve P and ¥ whisch resulis
in the enellss? shange irn {48 dimensions, In olher words we Ihall sazumse

tast
P. . I

- 1= ~

oo

i
{
A =] Tudx ® a minisuvm, L

J 2 )
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A« nave, thes sa KR additicnusl rongsiraint o the motion ot Lhe

particls the candi.r. - tLhat

g L'—.Hdlﬂ - © (3)

for il » riatione o ths permiseibhle path "o which ‘ha snyg polrnts
ar ¢ kept Tizea.

if Aw i3 they slement of path lepgith alcong &« ¥eodssie 2silveen wre
Pizec po’uts, 1t muat petlisfly <te sationary condilicn oblarlned from

t-s fenesral tusory % calativity

=

g (am) = o (4)

Howaver, the varistion in %he Inteagrand of (L) may no lonyer He tujen
as arvitrury 8iaoe only thoss varis'ious are parrissible whiczh ars
gevernes LY &g stien {3), We ma; treat lhlsg gitustion in the uavel
way by varving (%) and isceorporaling inte verlatlion ‘atc (L) by aesng
f Lagrarngtan wultipliers,
The walhesstical operstions cam be cerried ont quite esasily, and

R

i we ia%rocucay the geadond order anti-symmstric tesiscr (4 Y Aavined by

R T N
1A ) )\_,l'. o)

aad Lre fuvr-veloodiy Y, we sbla'x the eguatlien

~-a % g

éﬁ ia "‘l 4 ¥ a a4 RO - i T’__u w‘.“
¥ g d8 &
. -
whera “he [ ava the affine connectlions ¢f Lre peomtry definag n
Gy

the vzual mennaer and L is the Legrasgies mulvipliar,

ﬁlnctféﬁ&til ) “er be relat.d to tha saclor pstenr. el AF oy Lhe

squation 1. {(i/%) {a/a? b 1

e Legrapgian miledvwidsn L, wwed o3

heossn 89.:21 ¥t ~i(%/mu) in nrder o make oquation | ) - menmlopally



correct, The leitters o h,a, and ¢ have thelr usual meaningas, vis:
“lagtron chevge, Plencs -oastant, elaovrsn wase, and the spead of ligat,
resvectivealy,
Sirce the 1eft hand side of (5] represonts the acceleration of e

carilcle, the rigat Tan<? eide must B the forse sating an it and this

g, .naesd, “he Lorerts force 1if L {e cheaen as 2bove, Wa res that

this 18 e nsv.cal sxieusion of the oquation uf = geodeslsc whic) daase
eritae 'he woilor of a fres particle ' =2 gravitavtional fia1d,

Ehguﬁot&-£gﬂgwrfm1d quantum Integrel

We Devy alreaqdy roied that the aoen-iaisgratility «f lengih whign
fellove “rom “hae Weyl theory btringa cevtain objlectiiinsile feslures
vite 1% whieh nuot Zoult on the entire thecry, We aust thersfors try,
ir vo fer ea v nirsidle, te sliminate these features but act at the
wxpanse nf Sho phyeical rontentl of the Sheory, ¥We =ay do this 47 we
rebe that the quan~ivy log A 15, 1a genarz), net res” 82 “het we may
uvrits & “.;‘,g where § & o real number, The ardityary shaws Yacior
w1ll have no :fi<snt on the physically morsningful lsugths ir nature
#tnre Lhesas pre %e te obtalrad from the matheretiosl Juaatities A Dby
veking adscluve vaiuves, ¥s now have frocw equation (1) tha result

U .{l.j‘
-3 4 ti ¢ 4 (7}
2 lyg = dx - ldd

Wa nhall now _umpuse the conditiom thet Jcog 8511 0@ intea red)e
slong any poarissiblie path of & particle cut Hhxl log A vasd net be,
T we vew coarider s parvicls mcvimg 1a & clozea o-odt lz tle field

2 gos Lhat w3 miat have

4 log ' wd |, dx. . {4 g - o

i

or . 3 = 4 A 4 é ‘
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where tue ;. -are tha components of the matric lenseor, and - = = H'»-]

and - ie sefined by (9. S

Th'e ‘snsoyr, which Lr the sum c! a aymmntriclyqparts was used by
ti.e pregent suiaor{?} to comstruct & generaliued Legrvangian "rom which
a set of Marwell-Lorents equationeg for an sleciron was derived, Te co
this it was necesneary to linearizs itha Lagranglan by Imircdueing Diraeo
mailrices 72 Lnai the e vetreragnati- Tfield sutematically generzted udRieged
partis~les with spin,

fo obdtsla a nmnodsl for a fundamsntial cnargecd pasriicie guch sa an
slectren 1t is necemaary ic¢ stori with ep invarject lianesr Lapgrangian

from which the Disnc squetlon usan bs cbtained, i@ do thls we must

2

mulitiply (11) by another second ordar ccntravariant tensor Laving the
same symuatry propariies s ‘0 ¥, ang zhe simplert asuch tensor s ths
sum of the metric snd the angulay wmomentem Lensors, thav le, the
goneral spin tensor,

" MY 1/2 ¢ »” ¥ V;M) »1/2 4 ¢ B ,'L- 1,1) - r-f" » s’

(12)

wheare the '*s are the usual Dirao spin wetrleas, Sincs the firet term
o the right hand aide {2 aymmetric aad the ssecend one lo antl-symmetric,
wy obtaln

W% e n e 0 B (13)

where

e ua Be6 (R oKy | (1L)
S is & »osle facior and G is thas Jevseslan curvalure at ‘he pesziinisn

o’ the warticla,

We nhall acy take «8 our Lagrrqdgian density Lhe sxpresgion

- T o ah T o s I T oty

!
R
L=
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whers (X) 19 the fsur-componsnt Li-3g spinor that haes Lo be varied
and - (X)) 4s its sdisint, Thiz lazde %o the folliowing variational
pringivle:

&"éi S SR (£) 4 =0 (16)

On carrying out the vardaticn with respsct to the aspinors, we obdtaln

the eyuaticn
T

e e 8 (T =t AT () - . g To(x) (17)
3 % . : ;
whiere we fnave intrcduced the expressien (1L) for =

Since we have not limited ourssives tc 2ny partlcular cheice of
gauge in {17) we may treneform to «ny pauge we may deszire by appiying the

combined tranaformz2tions

—

- i‘ - {(18)

vhers £ i3 a pure imaginury, dimenelonles: quantity since the L.vester
is A2 purs imaginary with *he dimeunsivcons of & recliprocal lengul,
U=ing 2oms elsmentary transformatisn we obtaims

R O O L Bt B (¢ I -8 . oas

A
LN

We new replace the L-vactor by the slectromagnstic L-vector
2ince thess twc vecicrs differ in their dimensions by a ohks:igs, we
Bhall write "“ow (le/nc)hk ', sec that we get § = .2 is/be, 1f aw

¢ - o 1 3 -
introcuce these expressicns inte (16§ and incorporste the rumerical

e

factor 2/) into the field stranpgtus *. .0’ we obtain the equation
ta o'+ el t-e & .51 Lo-ad ) di(x)es )
5e T fie T o ke ¥
o (20)

We note that the right hand sids ef (20) iz essentially the square
of the curvature of spece at a peint orcupiea Ly & particle, ir othar

wrnrda tha raadoracea)l s the aontare A gk “vrdsmer?tsl Tansgtlr srarniatad
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:i%a tha particle. Since theie are only two Jurn luawiial " =2ngiie thas
cen he condtructed from the ncnatante e . H,m, and ¢, zid cae of Lram,
the clavsieal radiuvs oOf the electrsa, 4% pon-quenlumr mechenloel ip
rature, ve shall identify tle right hand side o7 [T0) with tie oiher
oue, Is o:her words, we shall sesuae that G/4 1» egral to ihfﬂa}'a.
It we fotreanee thie into (20) and miltiply vhe anbtire equaiion by h%,

ve mre a7 Lo the grua.ioa

gixsueslion

in deriving the second crder Divans squatica (71) for sn eiestreon in
iro elsciromagnetic Fisld we tave %NAd to maka an mportant saaumdtisr Lone
carning tde geonmotry of spacsa~time im the nelzhadoricoed of an electren,

vis., thst the Gaeeslan radiwe of srrvaturs of space 4n the neighnertood
v 8 particls is given by the Coppton wave lensth,
There savrears. however, *o pe tuetiliceatisn far sesivning so imjor

vant a geosatricil role to the Cowpton wa o lengti: LasaiLse of

=¥

P
propertiag, one jelaiivistie and trhe olher guenitvm asclanical 1a uat re,
aggnciaved with 2t, There 12 & *heorem 1v 2rectal reliiivitr which zileates
what a2 eysism with posiiive enargy and fimcar sngular momactam A snd witn
4 glven yeet wagy » must have @ fiafte sytenelcn whisu ~ancobl Ba# sxe).ar
. (1)
ner h/ma, In the sense that (lils reprasensy s smeximuz accuracy
¢ith widask tre pesdtlon of an electyron san ba Jdmtar fue, 'R1s Descawm
ippears to Ge closely retated o o similavr res. % darizad 7vor the
Tumpton affact,
Bezaune the devovwiratlien »! "“he preition ¢f s+ slaciran muct My
1arvied out Ty odserving photens u/ter they Have ueen B8cE Lo md v lhe

2leetrou, 11 fellowa that thy Tompicr wPfest =11) inreduce An came o \nLy
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in the ponition sc deterwminad dbecnuge the weve-length cf the soatdercd
radiation 4is di{fferent from that c¢f the incident radiation, 1In facot,
aven {f the incident wavos-length 45 sare, the wavae-lengith of tht';
scatisred photon will be of the ordar'éf the Jompton wave-langth.'Pauli(h)
hae showe that the minimum value of the sestiered wavs-length will be
of the order ¢f (ﬁ]‘c)i}-(v/c)z;gl/z - 4f v 12 the spead of %he
slegtron. PFor zn slectron at rest thie is just the Compton wave-length,

9ns further point may be mentioned imn connaction with the saﬁnuption
ve have made concerning the Compton wave-laength, Such an sssumption
implies thut the geometry of space-time in the neighborhocd of ar elsctron
{neglecting electromsgnetic affecte of external fislds) must be govemned
by an squaiion of the form (5)

@M - 3(me/f) g¥ (22)

If we negleat gravitational affects, this law lsade to a line slement
¢f the form

d2? = L{l-g v2)°1 4r? . p2 492 _ r2ginl S 4d? +(1.802) dt?
{23)

where « is the reciprocal of the squsre of the Compton wavs-langtik,

We see from this that the coefficlent of dr? vanishes for r squal to
the Compton weve.length, sugpesting that this rsdiuvse representa a kind ef
impassadle barrier, ¥We may also see in thie & poszible mechanism for the
capture of & photon by an slectron 4if we note that the path of the photen
12 always givern by setting (23) =qual t¢ =ero, However, at & distance
from the sleciron egual to the Complon weve-length ds bheccomes Infinitely
large unless dr=0, JIn other words, & photen can move in the nsighborhood
of an electrem enly if 1tz has no radisl comnenent in its motion, Buch
photerns, having no radial velocity relative to the elesctromn, must cireve
lste sround the elsctron, and may therefore be considered as teing cap-

tured,
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